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CHETAN BALWE AND ANAND SAWANT
Abstract. A conjecture of Morel asserts that the sheaf of A1-connected components of a
space is A1-invariant. Using purely algebro-geometric methods, we determine the sheaf of
A1-connected components of a smooth projective surface, which is birationally ruled over a
curve of genus ą 0. As a consequence, we show that Morel’s conjecture holds for all smooth
projective surfaces over an algebraically closed field of characteristic 0.
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1. Introduction
Since its inception in the foundational work of Morel and Voevodsky [12], A1-homotopy
theory has provided a systematic framework to successfully adapt several techniques of al-
gebraic topology to the realm of algebraic geometry by having the affine line A1 play the
role of the unit interval. Fix a base field k and let Sm{k denote the category of smooth,
finite-type, separated schemes over k. Let Hpkq denote the A1-homotopy category, which is
obtained by taking a suitable localization of the category of simplicial sheaves of sets (also
called spaces) on Sm{k for the Nisnevich topology. In A1-algebraic topology, one then studies
the A1-homotopy sheaves of a (pointed) space. In topology, the set of connected components
of a topological space and the homotopy groups of a (pointed) topological space are discrete
as topological spaces. The counterpart of discreteness in A1-homotopy theory is the notion
of A1-invariance.
It is thus very natural to ask if the A1-homotopy sheaves of a (pointed) space X are
A1-invariant. Morel [11, Theorem 6.1, Corollary 6.2] has shown that the homotopy sheaves
πA
1
n pX , xq, for n ě 1, are A
1-invariant. However, quite incredibly, A1-invariance of the sheaf of
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A1-connected components is not yet known and has been conjectured by Morel [11, Conjecture
1.12].
Conjecture 1.1 (Morel). For any space X , the sheaf πA
1
0 pX q is A
1-invariant.
Let X be a space. A crucial drawback one faces while handling A1-connected components
as opposed to higher homotopy sheaves of X is the lack of a natural group structure on
πA
1
0 pX q in general. Another serious difficulty in handling π
A1
0 pX q is presented by the fact
that the explicit description of the A1-fibrant replacement functor given in [12, p. 107] is
uncomputable in general. Apart from some trivial examples (curves, A1-rigid spaces, etc.)
in which Conjecture 1.1 clearly holds, it has been verified for H-groups and homogeneous
spaces for H-groups [6] and projective non-uniruled surfaces [3]. Conjecture 1.1 is wide open
in general, even for smooth projective schemes over an algebraically closed field. The main
result of this paper is as follows.
Theorem 1.2. Let X be a smooth projective birationally ruled surface over an algebraically
closed field k of characteristic 0. Then the sheaf πA
1
0 pXq is A
1-invariant.
The case of non-uniruled surfaces (over an arbitrary field) was already handled in [3]. Thus,
Conjecture 1.1 holds for all smooth projective surfaces over an algebraically closed field of
characteristic 0. Appropriate analogues of some of the ideas used in the proof of Theorem 1.2
go through while working over an arbitrary field using the classification of surfaces (see [10,
Chapter III, Theorem 2.2]). We intend to take up the problem of proving Morel’s conjecture
for surfaces over an arbitrary field in future work.
Since πA
1
0 pXq is the Nisnevich sheaf associated with the presheaf
U ÞÑ HomHpkqpU,Xq
on Sm{k, the study of πA
1
0 pXq is closely related to the following fundamental question.
Question 1.3. How far is HomHpkqpU,Xq from the set equivalence classes of morphisms of
schemes U Ñ X under the equivalence relation generated by naive A1-homotopies?
One might hope that the two sets in Question 1.3 agree, at least when U is a smooth
henselian local scheme over k. Let SpXq denote the sheaf of A1-chain homotopy classes of
X. One can iterate the construction of taking A1-chain connected components and take the
limit to form the universal A1-invariant quotient
LpXq :“ limÝÑ
n
SnpXq
of X. In view of [3, Theorem 2.13, Remark 2.15, Corollary 2.18], if Conjecture 1.1 holds, then
the canonical map πA
1
0 pXq Ñ LpXq is an isomorphism. The sheaf LpXq thus gives a purely
geometric way to study πA
1
0 pXq and it is natural to ask the following question.
Question 1.4. Let X be a scheme over k. Does there exist n P N such that LpXq » SnpXq?
It is worthwhile to point out that there exist smooth projective schemes X for which neither
LpXq nor πA
1
0 pXq agrees with SpXq. The first example of a smooth projective scheme X (over
C) for which SpXq ; LpXq was constructed in [3, Section 4]. The first general class of smooth
varieties X for which πA
1
0 pXq does not agree with SpXq but with a further iteration of the
functor S on X is provided by A1-connected anisotropic groups over an infinite perfect field
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by the results of [4] (see [13, Corollary 3.4]). Theorem 1.2 is a consequence of the following
general result, which provides the first general family of smooth projective varieties for which
πA
1
0 pXq is given by a nontrivial iteration of S on X.
Theorem 1.5. Let E be a P1-bundle over a smooth projective curve C of genus g ą 0 over
an algebraically closed field k of characteristic 0. Let X be a smooth projective surface, which
is not isomorphic to E and has E for its minimal model. Then we have the following:
paq πA
1
0 pEq » S
npEq » C, for all n ě 1;
pbq πA
1
0 pXq » S
npXq, for all n ě 2. Moreover, πA
1
0 pXq ; C.
It was expected in [11, Remark 1.13] that for a smooth projective surface X birationally
ruled over a curve C of genus g ą 0, one would have πA
1
0 pXq » C. Indeed, by results of [2] or
[3], it follows that πA
1
0 pXqpSpecF q » CpSpecF q, for every finitely generated, separable field
extension F of k. However, Theorem 1.5 shows that the situation in reality is quite delicate.
We now briefly outline the contents of the article. The central tool of the paper is the notion
of A1-ghost homotopies, which need not be morphisms of A1 into the scheme in question but
are defined only over a Nisnevich cover of A1. The formalism of A1-n-ghost homotopies, which
gives a systematic way to analyze A1-homotopy classes of sections of the sheaves SnpXq over
a smooth henselian local scheme, is described in Section 2.2. In Section 3, we prove a key
rigidity result (Proposition 3.7) for sections of a variety admitting a morphism to an A1-rigid
scheme over a smooth henselian local scheme. Local analysis of A1-homotopy classes on ruled
surfaces is crucial to our arguments. We collect the tools needed for the same in Sections 4.1
and 4.2. In Section 5, we prove Theorem 1.5 for a special class of blowups of P1 ˆ C for a
smooth projective A1-rigid curve C, which we refer to as nodal blowups. The trickiest part
of the proof here is the explicit construction of certain ghost homotopies (see the proof of
Theorem 5.1). In Section 6, we handle the case of a general blowup of P1 ˆ C. This will
be accomplished by a key reduction argument using a geometric result presented in Section
4.3, which allows us to prove the result by induction on the number of blowups required. We
finally put all these results together, and using some known results on rational surfaces, we
obtain a proof of Theorem 1.2.
Conventions and notation. Throughout the paper, k will denote a fixed base field and
Sm{k will denote the category of smooth, finite-type, separated schemes over Speck. Section
4.2 onwards, we will assume that k is algebraically closed of characteristic 0. We will denote
by Hpkq the A1-homotopy category constructed by Morel and Voevodsky [12], the objects
of which are simplicial Nisnevich sheaves of sets on Sm{k (also called spaces). Regarding
A1-connected components and related notions, we follow the conventions and notation of [3].
We will often make use of essentially smooth schemes, that is, schemes which are filtered
inverse limits of diagrams of smooth schemes in which the transition maps are e´tale, affine
morphisms. All presheaves on Sm{k will be extended to essentially smooth schemes by
defining FplimÐÝUαq “ limÝÑFpUαq. By a smooth henselian local scheme over k, we will mean
the henselization of the local ring at a smooth point of a scheme over k.
A Nisnevich sheaf of sets F on Sm{k is A1-invariant if for every U P Sm{k, the projection
map U ˆ A1 Ñ U induces a bijection FpUq
»
Ñ FpU ˆ A1q. A scheme X over k is called
A1-rigid if the associated Nisnevich sheaf given by its functor of points is A1-invariant.
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2. A1-connected components of schemes
2.1. Preliminaries on A1-connected components. In this section, we review some pre-
liminary material on A1-homotopy theory relevant to the contents of this paper. We will
follow the notation and terminology of [3].
Definition 2.1. The sheaf of A1-connected components of a space X , denoted by πA
1
0 pX q, is
defined to be the Nisnevich sheafification of the presheaf
U ÞÑ HomHpkqpU,X q
on Sm{k.
When X is represented by a scheme X, we would like to use geometric properties of X to
compute πA
1
0 pXq. A systematic way to go about this is to consider the functor of A
1-chain
connected components of X, which attempts to capture the notion of A1-connectivity in a
naive manner.
Notation 2.2. For any scheme U over k, we let σ0 and σ1 denote the morphisms U Ñ UˆA
1
given by u ÞÑ pu, 0q and u ÞÑ pu, 1q, respectively.
Definition 2.3. Let F be a sheaf of sets over Sm{k and let U be an essentially smooth
scheme over k.
(1) An A1-homotopy of U in F is an element h of FpU ˆA1kq. We say that t1, t2 P FpUq
are A1-homotopic if there exists an A1-homotopy h P FpU ˆA1q such that σ˚0 phq “ t1
and σ˚1 phq “ t2.
(2) An A1-chain homotopy of U in F is a finite sequence h “ ph1, . . . , hrq where each hi
is an A1-homotopy of U in F such that σ˚1 phiq “ σ
˚
0 phi`1q for 1 ď i ď r ´ 1. We
say that t1, t2 P FpUq are A
1-chain homotopic if there exists an A1-chain homotopy
h “ ph1, . . . , hrq such that σ
˚
0 ph1q “ t1 and σ
˚
1 phrq “ t2.
Note that for any scheme U and sheaf F , A1-chain homotopy gives an equivalence relation
on the set FpUq.
Definition 2.4. Let F is a Nisnevich sheaf of sets on Sm{k. Define SpFq to be the Nisnevich
sheaf associated with the presheaf
U ÞÑ FpUq{ „
for U P Sm{k, where „ denotes the equivalence relation defined by A1-chain homotopy. In
other words, SpFq is the Nisnevich sheafification of the presheaf U ÞÑ π0pSing
A1
˚ Fq on Sm{k,
where SingA
1
˚ F denotes the Morel-Voevodsky singular construction on F (see [12, p. 87-88]).
Iterating this construction, we obtain a sequence of epimorphisms
F Ñ SpFq Ñ S2pFq Ñ ¨ ¨ ¨ Ñ SnpFq Ñ ¨ ¨ ¨ ,
where Sn`1pFq is defined inductively to be SpSnpFqq, for every n P N. The utility of this
concept lies in the following result which was proved in [3, Theorem 2.13, Remark 2.15,
Corollary 2.18].
Theorem 2.5. For any sheaf of sets F on Sm{k, the sheaf
LpFq :“ limÝÑ
n
SnpFq
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is A1-invariant. Thus, the quotient morphism F Ñ LpFq uniquely factors through the canon-
ical morphism F Ñ πA
1
0 pFq. The morphism π
A1
0 pFq Ñ LpFq is an isomorphism if and only
if πA
1
0 pFq is A
1-invariant.
Thus, in order to prove the A1-invariance of πA
1
0 pXq for a scheme X, one can attempt to
compute iterations SnpXq for all n and see if πA
1
0 pXq agrees with their colimit as n Ñ 8.
For this, we would like to study A1-homotopies in the sheaves SnpXq, n ě 0. These sheaves
are not schemes in general and so if we wish to exploit geometric information, we will have
to “lift” those homotopies to X. We take up the task of setting up the notation for doing the
same in the next subsection.
2.2. Ghost homotopies. Let F be a Nisnevich sheaf of sets on Sm{k. The morphism F Ñ
SnpFq is a surjection of sheaves. Thus, although not every morphism U Ñ SpFq can be lifted
to F , there exists some Nisnevich cover V Ñ U such that the morphism V Ñ U Ñ SnpXq
lifts to F . On V ˆU V , these lifts must be compatible up to A
1-chain homotopy. In other
words, the two induced morphisms of V ˆU V are A
1-chain homotopic (at least after pulling
back to some suitable Nisnevich cover of V ˆU V ). In other words, a morphism U Ñ SpFq
can be represented by data which consists of morphisms and homotopies into F . We now
state a criterion for two elements of SpFqpUq to map to the same element in πA
1
0 pUq, proved
in [3, Lemma 4.1], which will play a crucial role in our proof of Theorem 1.2.
Lemma 2.6. Let F be a Nisnevich sheaf of sets over Sm{k. Let U be a smooth scheme over
k and let f, g : U Ñ F be two morphisms. Suppose that we are given data of the form
ptpi : Vi Ñ A
1
UuiPt1,2u, tσ0, σ1u, th1, h2u, h
W q
where:
‚ The two morphisms tpi : Vi Ñ A
1
Uui“1,2 constitute an elementary Nisnevich cover.
‚ For i P t0, 1u, σi is a morphism U Ñ V1
š
V2 such that pp1
š
p2q ˝ σi : U Ñ U ˆ A
1
is the closed embedding U ˆ tiu ãÑ U ˆ A1,
‚ For i P t1, 2u, hi denotes a morphism Vi Ñ F such that ph1
š
h2q ˝ σ0 “ f and
ph1
š
h2q ˝ σ1 “ g.
‚ Let W :“ V1 ˆA1
U
V2 and let pri : W Ñ Vi denote the projection morphisms. Then
hW “ ph1, . . . , hnq is a A
1-chain homotopy connecting the two morphisms hi ˝ pri :
W Ñ F .
Then, f and g map to the same element under the map FpUq Ñ πA
1
0 pFqpUq.
We now set up the notation for general data of such type in order to represent homotopies
in SnpFq. We will only need to do this for the cases n “ 1 and 2 and when F is of the form
SnpXq for a scheme X but the inductive definition is easy enough to state in general.
Definition 2.7. Let F be a sheaf of sets and let U be an essentially smooth scheme over k.
Let n ě 0 be an integer. The notion of an n-ghost homotopy and n-ghost chain homotopy is
defined as follows:
(1) A 0-ghost homotopy is the same as an A1-homotopy as defined in Definition 2.3.
Similarly, a 0-ghost chain homotopy is the same as an A1-chain homotopy.
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(2) Assuming that the notion of m-ghost homotopy and m-ghost chain homotopy has
been defined for m ă n, we define an n-ghost homotopy. Given t1, t2 P FpUq, an
n-ghost homotopy connecting t1, t2 consists of the data:
H :“ pV Ñ A1U ,W Ñ V ˆA1
U
V, rσ0, rσ1, h,HW q
which is defined as follows:
(a) V Ñ A1U is a Nisnevich cover of A
1
U .
(b) For i “ 0, 1, rσi : U Ñ V is a lift of σi : U Ñ A1U .
(c) W Ñ V ˆA1
U
V is a Nisnevich cover of V ˆA1
U
V .
(d) h is a morphism V Ñ F such that h ˝ rσi “ ti.
(e) HW is an pn ´ 1q-ghost chain homotopy connecting the two morphisms W Ñ
V ˆA1
U
V
priÑ V Ñ F where pr1 and pr2 are the projections V ˆA1
U
V Ñ V .
With this notation, we will also write Hpiq “ ti for i “ 0, 1.
(3) Suppose the notion of an n-ghost homotopy has been defined. Then for elements
t1, t2 P FpUq, an n-ghost chain homotopy connecting t1, t2 is a finite sequence H “
pH1, . . . ,Hrq where each Hi is an n-ghost homotopy of U in F such that Hip1q “
Hi`1p0q for 1 ď i ď r ´ 1, pH1qp0q “ t1 and pHrqp1q “ t2.
Lemma 2.8. Let F be a sheaf of sets, let U be an essentially smooth scheme over k and
let n ě 0 be an integer. Let t1, t2 P FpUq. If t1, t2 are n-ghost homotopic then their images
in SnpFqpUq are A1-homotopic. Conversely, if the images of t1, t2 are A
1-homotopic, there
exists a Nisnevich cover p : U 1 Ñ U such that the images of ti ˝ p in S
npFqpUq are n-ghost
homotopic.
Proof. We first prove that if t1 and t2 are n-ghost homotopic, then their images in S
npFq are
A1-homotopic. We prove this by induction on n. The case n “ 0 is trivial. We verify the case
n “ 1. Suppose we have a 1-ghost homotopy
H :“ pV Ñ A1U ,W Ñ V ˆA1
U
V, rσ0, rσ1, h, hW q
connecting t1 and t2. Then for i “ 1, 2, if pri denotes the projection on the i-th factor, we
see that the two morphisms
W Ñ V ˆA1
U
V
priÑ V
h
Ñ F Ñ SpFq
are equal. SinceW Ñ VˆA1
U
V is a Nisnevich cover, we see that the morphism V Ñ F Ñ SpFq
descends to a morphism A1U Ñ F , connecting the images of t1 and t2 in SpFq.
Now assume that for any scheme T , if two morphisms T Ñ F are pn´1q-ghost homotopic,
then their images in Sn´1pFq are A1-homotopic. Suppose we are given an n-ghost homotopy
H :“ pV Ñ A1U ,W Ñ V ˆA1
U
V, rσ0, rσ1, h, hW q
between t1, t2 P FpUq. By the induction hypothesis, on composing with the morphism F Ñ
Sn´1pFq we get a 1-ghost homotopy of U in Sn´1pFq. Since we know the result to be true
for n “ 1, we see that a 1-ghost homotopy in Sn´1pFq gives rise to an A1-homotopy of U in
SnpFq connecting the images of t1 and t2 in S
npFqpUq.
Now we prove the converse, again by induction on n. The case n “ 0 is trivial. Suppose
t1, t2 P FpUq are such that their images in S
npFqpUq are connected by a single A1-homotopy.
As F Ñ SnpFq is an epimorphism, there exists a Nisnevich cover V Ñ A1U such that the
morphism V Ñ A1U Ñ S
npFq can be lifted to a morphism V Ñ F . By replacing U by
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some suitable Nisnevich cover U 1 Ñ U , we may assume that the morphisms σi : U Ñ A
1
U
lift to V . Now, in the notation of Definition 2.7, it suffices to construct the Nisnevich cover
W Ñ V ˆA1
U
V and the pn ´ 1q-ghost chain homotopy HW .
The two morphisms
V ˆA1
U
V
priÑ V
h
Ñ F Ñ Sn´1pFq
become equal when composed with the morphism Sn´1pFq Ñ SnpFq. Thus, they must be
compatible up to A1-homotopy in Sn´1pFq, that is, there exists a Nisnevich cover W Ñ
V ˆA1
U
V such that the two morphisms
W Ñ V ˆA1
U
V
priÑ V
h
Ñ F Ñ Sn´1pFq
are A1-chain homotopic in Sn´1pFq. Hence, there exists a finite sequence of homotopies
hW :“ ph1, . . . , hrq in S
n´1pFq such that σ˚1 phiq “ σ
˚
0 phi`1q for 1 ď i ď r ´ 1 and such that
σ˚0 ph1q and σ
˚
1 phrq are the two morphisms of W . By replacing W by some suitable Nisnevich
cover, we may assume that the for every i, 1 ď i ď r ´ 1, the morphisms σ˚1 phiq lift to F .
Applying the induction hypothesis, we see that all these lifts are pn ´ 1q-ghost homotopic.
Thus, the two morphisms W Ñ F are pn ´ 1q-ghost chain homotopic. This completes our
proof. 
In order to avoid being flooded by notation in some of the proofs, we need to introduce
the notion of the “total space” of an n-ghost homotopy. For a given n-ghost homotopy H
of a scheme U in a sheaf F , this is simply the union of all the schemes that show up in its
definition. This is a scheme over U and is equipped with a morphism into F which is simply
the coproduct of all the morphisms that come up in the definition of H. For the sake of
precision, we write down the definition explicitly as follows:
Definition 2.9. Let F be a sheaf of sets, let U be a smooth scheme. For any n-ghost
homotopy H of U in F , we define a scheme SppHq and morphisms fH : SppHq Ñ U and
hH : SppHq Ñ F . We do this by induction on n as follows:
(1) For a 0-ghost homotopy H which is given by a morphism A1U Ñ F , we define
SppHq :“ A1U “ A
1 ˆ U.
The morphism fH : A
1
U Ñ U is simply the canonical projection on U . The morphism
hH : A
1
U Ñ F is just the morphism defining the homotopy.
(2) Suppose that this construction has been done for pn´ 1q-ghost homotopies. Let
H :“ pV Ñ A1U ,W Ñ V ˆA1
U
V, rσ0, rσ1, h,HW q
be an n-ghost homotopy where HW “ pH1, . . . ,Hrq is a pn´1q-ghost chain homotopy.
We then define
SppHq :“ V >
˜
rž
i“1
SppHiq
¸
.
We will define the morphisms fH : SppHq Ñ U and hH : SppHq Ñ F are defined
by specifying their restrictions to V and to SppHiq for all i. We define fH|V to be
the composition of the given morphism V Ñ A1U with the projection A
1
U Ñ U . The
morphism fH|SppHiq is defined to be the composition
SppHiq
fHiÑ W Ñ V ˆA1
U
V
priÑ V Ñ A1U Ñ U
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where pri could be either of the projections V ˆA1
U
V Ñ V (the composition clearly
does not depend on this choice). The morphism hH : SppHq Ñ F is defined by
hH|V “ h and hH|SppHiq “ hHi .
2.3. Ghost homotopies respecting fibers. We now discuss A1-homotopies and n-ghost
homotopies on sheaves that admit a morphism to an A1-invariant sheaf. We will then spe-
cialize to the case when the target sheaf is represented by an A1-rigid scheme.
Definition 2.10. Let U be a scheme over k. Let φ : F Ñ G be a morphism of sheaves of sets
on Sm{k.
p1q We say that an A1-homotopy h : U ˆ A1 Ñ F respects fibers of f if there exists a
morphism γ : U Ñ G such that φ˝h “ γ˝pr1 where pr1 : UˆA
1 Ñ U is the projection
on the first factor. We say that h lies over γ.
p2q Let H :“ pV, tW ijui,j, thiui, th
ijkui,j,kq be an A
1-ghost homotopy of U in F . We
say that H respects fibres of f if there exists a morphism γ : U Ñ G such that
φ ˝ hH “ γ ˝ fH. We say that H lies over γ.
p3q In general, given a U -scheme V and a morphism of sheaves F Ñ G, a morphism
V Ñ F will be called a γ-morphism if the diagram
V //

F

U
γ
// G
commutes.
Remark 2.11. An A1-ghost homotopy of U in F gives rise to an A1-homotopy of U in SpFq.
However, for an A1-rigid sheaf G, to say that an A1-ghost homotopy respects fibers of F Ñ G
is, in general, stronger than saying that the corresponding A1-homotopy in SpFq respects the
fibers of SpFq Ñ G. For instance, if H is an A1-ghost homotopy of U in F such that the
corresponding A1-homotopy of U in SpFq respects the fibers of the morphism SpFq Ñ G, it
need not be true that φ ˝ hH “ γ ˝ fH on every copy of W
ij
k ˆ A
1 that occurs in SppHq.
Lemma 2.12. Let φ : F Ñ G be a morphism of sheaves of sets on Sm{k. Assume that G
is A1-invariant. Let U be any scheme. Then any A1-homotopy (resp. n-ghost homotopy) of
U in F respects fibers of φ. Thus there exists a morphism γ : U Ñ G such that the given
A1-homotopy (resp. n-ghost homotopy) of U factors through F ˆG,γ U Ñ F .
Proof. Let h : U ˆ A1 Ñ F be an A1-homotopy of U in F . Since G is A1-invariant, the A1-
homotopy f ˝h is constant, that is, there exists a morphism γ : U Ñ G such that φ˝h “ γ˝pr1.
This proves the lemma for A1-homotopies.
Now, suppose we have an A1-ghost homotopy
H :“ pV, tW ijui,j, thiui, th
ijkui,j,kq
of U in F which represents an A1-homotopy h of U in SpFq. Since we have proved the result
for A1-homotopies, the fact that G is A1-invariant implies that there exists a γ P GpUq giving
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a commutative diagram
U ˆA1
h
//
pr1

SpFq

U
γ
// G.
Combining this with the commutative diagram
Vi
hi
//

F

U ˆA1
h // SpFq
we obtain a proof of the equality φ ˝ hH “ γ ˝ fH when the morphisms are restricted to
Vi Ă SppHq for i P I.
Let i, j P I and k P Kij . Since G is A
1-invariant, for every A1-homotopy hijkl :W
ij
k ˆA
1 Ñ F
occurring in hijk, there exists a morphism γl :W
ij
k Ñ G such that the square
W
ij
k ˆ A
1 //

W
ij
k

F // G
is commutative. We need to show that γl is the same as the morphism
W
ij
k Ñ U ˆA
1 pr1Ñ U
γ
Ñ G.
For t “ 0, 1, we have φ˝hijkl ˝σt “ γl ˝pr1 ˝σt “ γl. However, by the definition of an A
1-chain
homotopy, we have hijkl ˝σ0 “ h
ijk
l´1 ˝σ1 and h
ijk
l ˝σ1 “ h
ijk
l`1 ˝σ0. Thus we see that the γl “ γ1
for every l. However, γ1 is equal to the composition of morphism
W
ij
k
σ0Ñ W ijk ˆ A
1 h
ijk
lÑ F Ñ G
which, in turn, is equal to the composition
W
ij
k Ñ Vi ˆA1U
Vj
pr1
Ñ Vi
hiÑ F
φ
Ñ G.
Since the morphism φ ˝ hi is the same as the composition
Vi Ñ U ˆ A
1 pr1Ñ U
γ
Ñ G,
we see that γ1 is equal to the composition
W
ij
k Ñ Vi ˆA1U
Vj
pr1Ñ Vi Ñ U ˆ A
1 pr1Ñ U
γ
Ñ G
as desired. Proceeding inductively, we can prove the result for n-ghost homotopies. 
Proposition 2.13. Let E Ñ B be a P1-bundle over a smooth projective A1-rigid scheme B
over a field k. Then SpEq “ πA
1
0 pEq “ B.
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Proof. We fix a smooth henselian local ring pR,mq, U “ SpecR. We fix a morphism γ : U Ñ B
and consider the pullback E with respect to γ which we denote by Eγ . Since a P
1-bundle is
e´tale locally trivial, we see that Eγ » P
1
U . Since B is A
1-rigid, by Lemma 2.12, it follows that
SpEqpUq “ BpUq, and consequently,
SpEq “ πA
1
0 pEq » B.

The above proposition proves part (a) of Theorem 1.5. In order to prove part (b), we
need to show that if X is a smooth projective surface, birationally ruled over a curve C of
genus ą 0, then for for any henselian local scheme U , essentially smooth over k, we have
πA
1
0 pXqpUq “ S
npXqpUq for all n ě 2. Thus, we need to show that if α1, α2 : U Ñ X are two
morphisms which are n-ghost homotopic, then they are actually 1-ghost homotopic and also
have the same image in πA
1
0 pXqpUq. The following lemma disposes of two cases in which this
is trivially true:
Lemma 2.14. Let X be a smooth projective surface, birationally ruled over a curve C of
genus ą 0. Let U be a henselian local scheme, essentially smooth over k. Let γ : U Ñ C be
a morphism and let α1, α2 : U Ñ X be γ-morphisms which are n-ghost homotopic. Then α1
and α2 are A
1-chain homotopic if either of the following conditions hold:
(a) γ maps the generic point of U to a closed point of C.
(b) γ maps the closed point of U to the generic point of C.
Hence, if either of these two conditions holds, α1 and α2 map to the same elements of
πA
1
0 pXqpUq and S
npXqpUq for any n ě 1.
Proof. In both cases, there exists a point c of C such that α1 and α2 factor through the fiber
Xc :“ X ˆC,c Specκpcq. Indeed, in case (a), c is a closed point of C and in case (b), it is the
generic point of C. The result follows immediately from the fact that in both cases the fiber
X is connected and its components are isomorphic to P1
κpcq. 
Remark 2.15. Due to Lemma 2.14, we will primarily be concerned with the case in which γ
maps the generic point of U to the generic point of C and the closed point of U to the closed
point of C.
3. Homotopies on a blowup
Let X be a smooth projective surface, birationally ruled over a curve C of genus ą 0. Let
E be a minimal surface such that there exists birational morphism X Ñ E. Thus E is a
P1-bundle over C. Let π denote the composition X Ñ E Ñ C, where the second map is the
projection map of the P1-bundle. Let rX be obtained from rX by blowing up a point p and
suppose that πppq “ c.
Let U be an essentially smooth local scheme of dimension 1, with closed point u. Let
h : U ˆ A1 Ñ X be a morphism which lifts to rX. For i “ 0, 1 let αi : U Ñ X be the
morphism hp´, iq : U Ñ X. As C is rigid, we know from the above discussion, there exists a
morphism γ : U Ñ C such that h is a γ-morphism. We assume that γ maps u to c and the
generic point of U to the generic point of C. Then the scheme theoretic preimage h´1ppq is a
locally principal divisor on U ˆA1. Also, it is supported on tuu ˆA1 which is an irreducible
codimension 1 subscheme of U ˆ A1. Thus, it follows that the support of h´1ppq is either
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empty or it is equal to tuu ˆ A1. Thus, if α0 maps u to p, so does α1. In fact, in this case,
the homotopy h maps u constantly to p. On the other hand, if α0 does not map u to p, then
both α1 and h do not have p in their images.
In this section, we will strengthen the above observation and explore its consequences.
We will prove that the homotopy h in the above paragraph can be replaced by an n-ghost
homotopy for any n ě 0. The discussion in the previous paragraph easily shows that the
scheme theoretic preimages α´10 ppq and α
´1
1 ppq have the same support on U . We will obtain
the stronger statement that these two preimages are actually the same. The proof of this
statement is somewhat technical and will occupy Section 3.1. In Section 3.2, we will explore
the consequences of the result in Section 3.1 in the context of birationally ruled surfaces.
3.1. A general result. We fix the following setting for the rest of this subsection.
Notation 3.1. p1q Let k be a field and let B be an A1-rigid scheme over k and let
π : X Ñ B be a morphism of schemes over k.
p2q Let rX be the blowup of X at T , where T is a closed subscheme of X such that πpT q
is not dense in B.
p3q Let U “ SpecR where pR,mq is the Henselization of the local ring at a smooth point
of a variety over k. Let K denote the residue field R{m. We will denote the closed
point of U by u.
p4q For any morphism of schemes f : Y Ñ Z, we will abuse the notation and write f˚ for
the associated morphism of sheaves of rings OZ Ñ f˚OY as well as for the morphism
induced by this one on sections, when there is no confusion.
Let α1, α2 : U Ñ X be morphisms which lift to rX. We also assume that the maps π ˝αi do
not map the generic point of U into πpT q. This condition is enough to ensure that the lifts of
α1, α2 to rX are unique. The main result of this section is that, if the lifts rα1 and rα2 of α1 and
α2 to rX are n-ghost homotopic for some n, then the intersection of exceptional divisor withrα1pUq and rα2pUq is the “same” in the sense that the pullbacks of the ideal sheaves defining
T to U via α1 and α2 are the same. For instance, this implies that if rα1 maps the closed
point of U into the exceptional divisor, so does rα2. Indeed, the image of the closed point of
U remains in the exceptional divisor throughout the n-ghost homotopy.
We wish to study the sheaves SnpXq. For any n-ghost homotopyH of U inX, the homotopy
π ˝H is constant by Lemma 2.12. Thus, if two morphisms α1, α2 : U Ñ X are n-ghost chain
homotopic, the compositions π ˝α1 and π ˝α2 are equal. Thus, in order to study the n-ghost
homotopy classes of morphisms U Ñ X, we may first fix a morphism γ : U Ñ B and study
the n-ghost homotopy classes of the sections of X ˆB,γ U Ñ U . Therefore, we may take
B “ U without loss of generality throughout the rest of the section.
Let us thus assume that X is a scheme of finite type over U , with structure map π : X Ñ U .
Let T be a closed subscheme of X such πpT q does not contain the generic point of U . Thus,
there exists a proper ideal I0 of R such that if I0 is the associated ideal sheaf on U , then T is
contained in the closed subscheme defined by the ideal sheaf f˚pI0q. Let IT denote the ideal
sheaf corresponding to T and rX denote the blowup of X at T .
Lemma 3.2. Let f : V Ñ U be a smooth morphism. Let h : V Ñ X be a morphism over
U that lifts to rX. Let v be a point of V such that fpvq “ u and κpvq “ K. Then the ideal
h˚pIT qv of OV,v is generated by an element of the form f
˚prq for some r P R. Moreover, we
have xry Ą I0.
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Proof. Since R is henselian, there exists a section α : U Ñ V such that αpuq “ v. Since
h ˝ α : U Ñ X lifts to rX, the ideal α˚ph˚pIT qvq is principal. If hpvq does not lie in T , then
this ideal is the unit ideal and so there is nothing left to prove. So we now assume that
hpvq P T . Thus the ideal α˚ph˚pIT qvq is generated by some element r P m. It is clear that
xry Ą I0. We will show that h
˚pIT qv is generated by f
˚prq. As h lifts to rX, we know that
the ideal h˚pIT qv is principal, generated by some element ρ P OV,v. Thus we need to show
that f˚prq is a unit multiple of ρ.
The sequence of homomorphisms R
f˚
Ñ OV,v
α˚
Ñ R gives rise to the sequence of homomor-
phisms on the completions pR pf˚Ñ pOV,v pα˚Ñ pR and pα˚ ˝ pf˚ is the identity homomorphism onpR. (Here pf and pα are the induced morphisms of schemes Spec pOV,v Ñ Spec pR and Spec pRÑ
Spec pOV,v respectively.) We denote by φR : Spec pRÑ SpecR and φv : Spec pOV,v Ñ SpecOV,v
the morphisms induced by the canonical homomorphisms of local rings into their completions.
Suppose n is the Krull dimension of R and m is the dimension of the fibers of f . Then there
exists a Zariski local neighbourhood W of v in V such that f |W factors as W Ñ A
n
U Ñ U
where W Ñ AnU is an e´tale morphism taking v to the origin in A
n
K Ă A
n
U . Thus there exists
a commutative diagram as follows where the horizontal morphisms are isomorphisms:
pR //
xf˚

Krrsss
 _
pOV,v // Krrs, tss.
Here s “ ps1, . . . , snq and t “ pt1, . . . , tmq are tuples of variables.
Let r0 be a non-zero element in I0. (Such an element exists because we are assuming
that the generic point of U does not lie in πpT q.) The ideal {h˚pIT qv “ φ˚vph˚pIT qvq inpOV,v is principal, generated by φ˚vpρq. Then φ˚v pρq| pf˚pr0q in pOV,v and thus by the above
commutative square we see that φ˚vpρq is a unit multiple of some element in the image of
pf˚.
Thus φ˚v ph
˚pIT qvq “ x pf˚pr1qy where r1 P pR.
The morphism α ˝φR : Spec pRÑ V , is equal to the composition of φv ˝ pα with the obvious
morphism SpecOV,v Ñ V . Thus we have
pα ˝ φRq
˚ph˚pIT qvq “ pα˚pφ˚v ph˚pIT qvqq
“ pα˚px pf˚pr1qyq
“ xr1y.
However, we also have pα ˝ φRq
˚ph˚pIT qvq “ φ
˚
Rpxryq. Thus r
1 is a unit multiple of φ˚Rprq inpR. Thus the ideals φvph˚pIT qvq “ xxf˚pr1qy and φvpxf˚prqyq “ xxf˚pφ˚Rprqqy are equal. Since
φv is a faithfully flat morphism, this shows that h
˚pIT qv “ xf
˚prqy in R. 
In the above lemma, the element r P R depends on the point v. We will remove this depen-
dence on v through Lemmas 3.5, 3.6 and Proposition 3.7. First, we recall some elementary
facts. While these may be well-known to experts, we present the details for the lack of a
suitable reference as well as for the sake of completeness.
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Lemma 3.3. Let S be a smooth scheme over a perfect field F and let s be a point of S. Then,
the henselization OhS,s of the local ring of S at s contains a field L which maps isomorphically
onto the residue field κpsq under the map OhS,s Ñ κpsq.
Proof. We may assume that S is of pure dimension n over F . Let s be a point of S of
codimension r and let Z be the Zariski closure of s in S. Since Z is generically smooth, there
exists an open subscheme W of X and regular functions f1, . . . , fn : W Ñ A
1
F such that the
map
f :“ pf1, . . . , fnq : U Ñ A
1
F “ SpecF rX1, . . . ,Xns
is e´tale and W X Z “ f´1pT q where T is the linear subvariety of AnF defined by X1 “ ¨ ¨ ¨ “
Xr “ 0. Hence, we obtain an e´tale ring homomorphism OAn
F
,T Ñ OS,s. Observe that the
local ring OAn
F
,T contains the field L0 :“ F pXr`1, . . . ,Xnq, which maps isomorphically onto
its residue field. Thus, we have an inclusion L0 ãÑ OAn
F
,T ãÑ OS,s and the and the composition
L0 ãÑ OS,s Ñ κpsq is a separable algebraic extension of finite degree.
The ring homomorphism OS,s Ñ OX,s bL0 κpsq, α ÞÑ α b 1 is e´tale and the morphism
s : Specκpsq Ñ SpecOS,s admits a lift to rs : Specκpsq Ñ Spec pOS,s bL0 κpsqq “ rS. Thus, we
see that the local ring OrS,rs is an e´tale extension of OS,s, satisfying κpsq “ κprsq. Since this
ring contains a field that maps isomorphically onto κpsq, we conclude that the same is true
of the henselization of OS,s. 
Lemma 3.4. Let A Ñ B be a homomorphism of commutative rings. Then the morphism
SpecB Ñ SpecA is universally open in each of the following two cases:
(1) A is a field.
(2) A is noetherian local ring and the homomorphism AÑ B is the henselization of A at
its maximal ideal.
Proof. Case (1) is proved in [7, Theorem 14.36]. The proof of Case (2) follows from essentially
the same argument since the henselization B is a direct limit of e´tale A-algebras of finite
type. 
Lemma 3.5. Let f : V Ñ U be a smooth morphism. Let h : V Ñ X be a morphism which
lifts to rX. Let z be a point of U and let v be a point of f´1pzq “ V ˆU,z Specκpzq such that
the ideal h˚pIT qv in OV,v is generated by an element of the form f
˚prq where r P R. Let Z be
the irreducible component of f´1pzq containing v. Then there exists an open subscheme W0
of V such that Z ĂW0 and the ideal sheaf h
˚pIT q|W0 is generated by f
˚prq.
Proof. In the local ring OV,v, we have the equality of ideals h
˚pIT q “ xf
˚prqy which must
hold in a neighbourhood of v. Thus, there exists an open subschemeW of V with v PW such
that the ideal sheaves h˚pIT q|W and xf
˚prqy of OV |W are equal. Let v1 P ZzW . We wish to
show that the ideal h˚pIT qv1 in OV,v1 is also generated by f
˚prq.
We use Lemma 3.3 to view Rhz as a κpzq-algebra. Using the ring homomorphism f
˚ :
κpzq Ñ κpv1q, we define the ring R
1 :“ pκpv1q bκpzq R
h
z q
h. Let ψU denote the morphism
SpecR1 Ñ SpecR. Let rV “ V ˆU SpecR1. Let ψV and rf denote the projections rV Ñ V andrV Ñ SpecR1 respectively.
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We have a commutative square
Specκpv1q
v1
//

V

SpecR1 // SpecR
which gives a morphism rv1 : Specκpv1q Ñ rV . Then by the argument in the proof of Lemma
3.2, we see that the ideal ph ˝ ψV q
˚pIT qrv1 in OrV ,rv1 is generated by an element of the formrf˚pρq for some ρ P R1. Thus there exists an open subscheme ĂW of rV containing rv1 such that
ph ˝ ψV q
˚pIT qpĂW q is generated by rf˚pρq.
By Lemma 3.4, ψV is open. Thus, ψV pĂW q is an open subscheme containing v1. Thus, there
exists a point rv2 in ĂW such that the point v2 :“ ψV prv2q is in W . Thus
ph ˝ ψV q
˚pIT qrv2 “ ψ˚V ph˚pIT qv2q “ ψ˚V pxf˚prqyq “ x rf˚pψ˚U prqqy.
However, we also have ph ˝ ψV q
˚pIT qrv2 “ x rf˚pρqy as rv2 P ĂW . As rf is faithfully flat, we see
that the ideals xψ˚U prqy and xρy of R
1 are equal. Thus ρ is a unit multiple of ψ˚U prq in R
1.
Thus the ideal ψ˚V ph
˚pIT qv1q in OrV ,rv1 is equal to ψ˚V pxf˚prqyq. Since ψ˚V : OV,v1 Ñ OrV ,rv1 is
faithfully flat, this implies that the ideal h˚pIT qv1 in OV,v1 is equal to xf
˚prqy. 
Lemma 3.6. For i “ 1, 2, let fi : Vi Ñ U be smooth morphisms and let hi : Vi Ñ X be
morphisms over U which lift to rX. Let f : V1 Ñ V2 and g : V2 Ñ V1 be morphisms over
U such that g is a a closed embedding, h2 “ h1 ˝ g and f ˝ g “ IdV2 . Let vi be a point of
Vi for i “ 1, 2 such that gpv1q “ v2. Suppose h
˚
2pIT qv2 “ xf
˚
2 prqy for some r P R. Then
h˚1pIT qv1 “ xf
˚
1 prqy.
Proof. This proof is along the same lines as the proof of Lemma 3.5. Let z “ f1pv1q “ f2pv2q.
Let Rz be the localization of R at the prime ideal corresponding to the point z and let R
1 be
as in the proof of Lemma 3.5. Let ψU be the morphism SpecR
1 Ñ SpecR. For i “ 1, 2, we
define rVi “ ViˆU SpecR1 and denote by rfi and ψVi the projections rVi Ñ SpecR1 and rVi Ñ Vi,
respectively. Also, the morphisms rf and rg are the pullbacks of f and g. We also have pointsrvi on rVi for i “ 1, 2 such that ψViprviq “ vi and rgprv2q “ rv1.
Then by the argument in the proof of Lemma 3.5, there exists an element ρ P R1 such that
the ideal ph1 ˝ ψV1q
˚pIT qrv1 in OrV ,rv1 is generated by rf˚1 pρq. Thus, we have
ph2 ˝ ψV2q
˚pIT qrv2 “ ph1 ˝ g ˝ ψV2q˚pIT qrv2
“ ph1 ˝ ψV1 ˝ rgq˚pIT qrv2
“ rg˚px rf˚1 pρqyq
“ x rf˚2 pρqy.
However, by assumption, ph2 ˝ ψV2q
˚pIT qrv2 “ ψ˚V2pxf˚2 prqyq “ rf˚2 pψ˚U prqq. This proves that ρ
is a unit multiple of ψ˚U prq in R
1. As in the proof of Lemma 3.5, this shows that h˚1pIT qv1 “
xf˚1 prqy. 
Proposition 3.7. Let n ě 0 be an integer. Let α and α1 be sections of X Ñ U which are
connected by an n-ghost homotopy H. Suppose that H (and hence α, α1) lifts to rX. Then
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there exists r P R such that xry Ą I0 and r generates α
˚pIT q “ pα
1q˚pIT q. Also, in this case
h˚HpIT q is generated by f
˚
Hprq.
Proof. This will be proved by induction on n. We begin with the case n “ 0. Thus, suppose
α and α1 are connected by a single A1-homotopy h : A1U Ñ X, which lifts to
rX . Let r be such
that α˚pIT q “ xry. Then by Lemma 3.6, we see that h
˚pIT q|σ0puq is generated by pr
˚
2 prq where
pr2 is the projection A
1
U “ A
1 ˆ U Ñ U . By Lemma 3.5, there exists an open subscheme
W0 Ă A
1
U containing the closed fiber A
1
k Ă A
1
U such that h
˚pIT q|W0 is generated by pr
˚
2 prq.
In particular, h˚pIT qpσ1puqq is generated by pr
˚
2 prq. Thus pα
1q˚pIT q “ σ
˚
1 phpIT qq is generated
by σ˚1 ppr
˚
2 prqq “ r. This completes the proof in the case n “ 0.
Now suppose the result has been proved for m-ghost homotopies where m ď n. Suppose α
and α1 are connected by an n-ghost homotopy
H :“ pV Ñ A1U ,W Ñ V ˆA1
U
V, rσ0, rσ1, h,HW q.
Let r, r1 P R be such that α˚pIT q “ xry and pα
1q˚pIT q “ xr
1y. Then, by Lemma 3.6, we see
that h˚HpIT qĂσ0puq “ xfHprqy and h˚HpIT qĂσ1puq “ xfHpr1qy. Let Z0 and Z1 be the irreducible
components of the closed fiber of f´1
H
puq of V containing Ăσ0puq and Ăσ0puq respectively. By
Lemma 3.5, there exist open subschemes Wi Ą Zi of V for i “ 0, 1 such that h
˚
HpIT q|W0 is
generated by f˚Hprq and h
˚
HpIT q|W0 is generated by f
˚
Hpr
1q. The morphisms Zi Ñ A
1
k are e´tale
and thus there exists a point z P A1k Ă A
1
U lying in the image of both Zi Ñ A
1
k for i “ 0, 1.
Thus, there exist points zi P Zi which map to z under the morphism V Ñ A
1
U . Thus, we
obtain the point pz1, z2q P V ˆA1
U
V and there exists a point z3 P W which maps to pz1, z2q
under the morphism W Ñ V ˆA1
U
V . Let g1, g2 denote the two compositions
W Ñ V ˆA1
U
V
priÑ V
where pri : V ˆA1
U
V Ñ V is the projection on the i-th factor for i “ 1, 2. Thus g˚1 ph
˚
HpIT qz3
is generated by g˚1 pf
˚
Hprqq and g
˚
2 ph
˚
HpIT qz3 is generated by g
˚
2 pf
˚
Hpr
1qq. Since the morphisms
hH ˝ g1 and hH ˝ g2 are pn´ 1q-ghost chain homotopic, the induction hypothesis implies that
the ideals xg˚1f
˚
Hprqy and xg
˚
2f
˚
Hpr
1qy of OW,z3 are equal. It is easily seen that the morphisms
fH ˝ g1 and fH ˝ g2 from W Ñ U are identical. Since this is a smooth morphism, it is faithful
and thus the equality xg˚1f
˚
Hprqy “ xg
˚
2f
˚
Hpr
1qy implies that xry “ xr1y in R as desired.
Now we need to prove that the ideal sheaf h˚HpIT q is generated by f
˚
Hprq. The above
arguments show that there exists an open subscheme V0 Ă V containing the closed fiber
f´1
H
puq such that h˚HpIT q|V0 is generated by f
˚
Hpr0q. Of course, it is possible that V zV0 is
non-empty. Suppose v P V zV0 and let fHpvq “ z P U . We define Uz “ SpecO
h
U,z. Applying
the above arguments for Uz instead of U , we see that there exists an element r P OhU,z such
that hHpIT qv1 is generated by f
˚
Hprq for every v1 in f´1H pzq (in particular for v1 “ v). But since
f´1
H
pzq X V0 is non-empty, we see that xry “ rOhU,z. Thus we see that h˚HpIT q|V is generated
by f˚Hprq. Now, by Lemma 3.6, it easily follows that h
˚
HpIT q|SppHiq is also generated by f
˚
Hprq
for every pn´ 1q-ghost homotopy appearing in HW . This completes the proof. 
Remark 3.8. To clarify the geometric intuition behind Proposition 3.7, we note a simple
consequence. Observe that α˚pIT q is the unit ideal if and only if α maps the closed point
of U into T . Thus, we see that α maps the closed point of U into T if and only if α1 does
so too. Now, if u1 is any other point of U , we may apply this argument to Spec pOU,u1q and
conclude that α maps u1 into T if and only if α1 does so too. As far as rX is concerned, the
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above proposition says that an n-ghost homotopy of U on rX can connect the lifts of α1 and
α2 only if the schemes α
´1
1 pT q and α
´1
2 pT q are the same. Of course, this is only a necessary
condition and may not be sufficient for α1 and α2 to be n-ghost homotopic.
3.2. Applications to birationally ruled surfaces. In this subsection, we will apply the
results of Section 3.1 to the context of birationally ruled smooth surfaces.
Lemma 3.9. Let C be an A1-rigid, essentially smooth, irreducible scheme of dimension 1
over k. Let π0 : E Ñ C be a P
1-bundle and let φ : X Ñ E be a birational morphism. Let U
be any essentially smooth, irreducible scheme over k and let γ : U Ñ C be a morphism which
maps the generic point of U to the generic point of c. Let α1, α2 : U Ñ X be two γ-morphisms
which are connected by an n-ghost homotopy H for some n ě 0. Let c be a closed point of C
and let F be a component of π´1pcq. Then, for any point u P γ´1pcq, we have the following:
(1) α1puq P F if and only if fH maps the fiber SppHqu :“ SppHq ˆU,u Spec pκpuqq (viewed
as a closed subscheme of SppHq) into F .
(2) α1puq R F if and only if fHpSppHquq X F “ H.
Proof. Standard results about the birational geometry of smooth surfaces imply that φ can
be written as a composition
X “ Xm
pimÑ Xm´1
pim´1
Ñ ¨ ¨ ¨
pi1Ñ X0 “ E
where each πi : Xi Ñ Xi´1 is a blowup at a smooth closed point of Xi´1. Let π : X Ñ C
denote the composition π0 ˝ φ. If c is any closed point of C, then the following statements
are easily proved by induction on m:
(1) π´1pcq is a connected scheme, each component of which is isomorphic to P1k.
(2) If π´1pcq has more than one component, then for any component F of π´1pcq, the
intersection number F ¨ F is negative. On the other hand, if π´1pcq is irreducible,
then rπ´1pcqs ¨ rπ´1pcqs “ 0, where rπ´1pCqs is the cycle associated to the subscheme
π´1pcq.
If m “ 0, there is nothing to prove. Assume that m ě 1. As we noted above, the
intersection number F ¨F is negative. Hence, by Artin’s contractibility criterion [1, Theorem
2.3], there exists a (possibly singular) surface X 1 and a morphism p : X Ñ X 1 which maps
F to a single closed point of X 1. Thus, X can be obtained from X 1 by blowing up closed
subscheme supported at a closed point.
Without any loss of generality, the scheme U can be replaced by its henselization at the
point u. Thus, we may assume that U “ Spec pRq where R is a henselian local ring and that
u is the closed point of U .
Let Xγ “ X ˆpi,C,γ U and let Eγ “ E ˆpi0,C,γ U . Let S denote the closed subscheme of X
1
such that X is obtained from X 1 by blowing up S. Then Xγ is obtained from X
1
γ by blowing
up the scheme T “ S ˆC,γ U . For i “ 1, 2, let βi : U Ñ X
1
γ denote the morphism induced
by the map p ˝ αi : U Ñ X
1. The homotopy H induces an n-ghost homotopy rH connecting
β1 and β2. By Proposition 3.7, there exists an element r P R such that the ideal sheaves
β˚i pIT q “ pp ˝ αiq
˚pISq and f
˚rHpIT q “ f˚HpISq are generated by r. If α1puq P F , then r is a
non-unit. Thus, the restriction of the ideal sheaf f˚HpIT q to any point u
1 of SppHqu is not a
unit ideal, which implies that fH maps u
1 into F .
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On the other hand, if α1puq R F , then r is a unit. Thus, the restriction of the ideal sheaf
f˚HpIT q to any point u
1 of SppHqu is not a unit ideal, which implies that fHpu
1q R F . 
Remark 3.10. Suppose that Z is the union of all lines which do not contain α1puq. Then it
follows from the above result that the n-ghost homotopy H factors through XzZ.
In fact, we can say a little more. First, we observe that any point of π´1pcq lies on at most
two components of π´1pcq. Thus, α1puq may lie on one or two components. If a point α1puq
is the intersection of two components F1 and F2, then the entire fiber SppHqu is mapped to
the point α1puq.
Suppose that α1puq only lies on one component of π
´1pcq, which we denote by F . As
above, let Z be the union of all the other components. Then SppHqu is mapped into F zZ.
If F X Z consists of at least two points, then F zZ is A1-rigid. Since the restriction of fH to
SppHqu defines an n-ghost homotopy of Spec pκpuqq, it follows that this n-ghost homotopy
must be constant. In other words, in this special case too SppHqu is mapped to the point
α1puq. However, we note that the situation is quite different if F X Z consists of only one
point.
4. Geometry of ruled surfaces
Our proof of the main theorem (Theorem 1.5) is based on the classification of smooth
projective surfaces. We will therefore need a formalism to handle blowups of points on a
minimal ruled surface. We will briefly review some elementary constructions on schemes
in Section 4.1, all of which basically follow from resolution of indeterminacy and universal
property of blowups. The material in Section 4.1 should be quite obvious to the expert, but
we present the proofs for the sake of completeness and since we use nonstandard notation to
facilitate the book-keeping needed for our purposes. Section 4.2 gives a systematic way of
handling a special class of blowups of a minimal ruled surface and Section 4.3 contains a key
result about local geometry of such blowups (Theorem 4.18), which plays a crucial role in our
proof of Theorem 1.5.
4.1. Review of some elementary constructions on schemes. We fix a base scheme
SpecR, where R is a noetherian domain. All the R-schemes considered in this subsection
will be separated, integral and of finite type over SpecR. We comment that some of the
restrictions we have placed on the base ring R as well as the R-schemes under consideration
may not be necessary, but they allow us to write simpler proofs and are sufficient for our
purposes.
Let X be an integral, separated R-scheme and let f : X 99K P1 be a rational function. We
will construct three kinds of R-schemes Z along with structure morphisms Z Ñ X such that
the pullback of f to Z has certain special properties.
4.1.1. Resolving indeterminacies of a rational function. Let T0, T1 denote homogeneous coor-
dinates on P1R, so that P
1
R “ ProjRrT0, T1s. Recall that for any R-scheme Z and a morphism
π : Z Ñ P1R, we obtain an invertible sheaf L :“ π
˚pOp1qq on Z and a pair of global sections
s :“ π˚pT0q and t :“ π
˚pT1q which generate L. Conversely, given a line bundle L on an
R-scheme Z and an ordered pair of global sections s, t generating L, one can construct a
morphism π : Z Ñ P1R such that there exists an isomorphism π
˚pOp1qq Ñ L which maps
π˚pT0q to s and π
˚pT1q to t.
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Suppose we are given a line bundle L on an R-scheme X and an ordered pair of global
sections ps, tq such that s and t do not generate L. Then the set of all points x P Z where sx
and tx generate Lx is an open subset U of X. If U is nonempty (and hence, dense in X), we
obtain a rational function on X. We would like to know when this rational function can be
extended to a morphism from X to P1R.
Recall that on an integral scheme X, any invertible sheaf is isomorphic to a subsheaf of
the constant sheaf K of rational functions on X. Thus, for any invertible sheaf L on X, every
global section of L may be considered as an element of KpXq. In particular, given two global
sections s, t of L, we will speak of the ratio s{t as being an element of KpXq.
Lemma 4.1. Let X be a separated, integral R-scheme. Let L be an invertible sheaf on X
and let s, t be global sections defining a rational function on X. Then, f can be extended to
a morphism X Ñ P1R if and only if the sections s and t generate an invertible subsheaf of L.
Proof. Suppose we are given the rational function f as above. Clearly, both s and t are not
equal to the zero section. Suppose that t ‰ 0. Then f is clearly defined on the open subset
U , consisting of points x P X such that sx and tx generate Lx. Let M be the subsheaf of L
generated by s and t. Note that M|Xt “ L|Xt .
Suppose that the sheaf M is locally principal. Then, as the sections s, t generate M, by
the above comments we obtain a morphism rf : X Ñ P1R such that rf˚pOp1qq is isomorphic to
M via a morphism that maps rf˚pT0q to s and rf˚pT1q to t. Clearly, rf |U “ f |U .
Conversely, suppose that f can be extended to a morphism rf : X Ñ P1. Thus, there exists
an invertible sheaf N on X with global sections u, v which generate N and an isomorphismrf˚pOp1qq Ñ N which maps f˚pT0q to u and f˚pT1q to v. On the set U defined above, this
morphism agrees with f and so we must have s{t “ u{v as elements of K. As u and v generate
an invertible sheaf on X, at any point x P X, either u{v P OX,x or v{u P OX,x. Thus we
also have s{t P OX,x or t{s P OX,x for every x P X. This shows that the sheaf M is locally
principal. 
Proposition 4.2. Let X be an integral scheme over R. Let f be a rational function on X.
There exists a pair pXrf s, πf q consisting of a scheme Xrf s and a morphism πf : Xrf s Ñ X
satisfying the following properties:
paq The pullback of f to Xrf s can be extended to a morphism rf : Xrf s Ñ P1R.
pbq Given any R-scheme Y and a morphism φ : Y Ñ X such that φ˚pfq extends to a
morphism Y Ñ P1R, there exists a unique map
rφ : Y Ñ Xrf s such that φ “ πf ˝ rφ.
Proof. The statement of the theorem is clearly local with respect to X and so it will suffice
to prove the result when X is affine. Thus, we may assume that f is given by an ordered pair
ps, tq of global sections of the trivial bundle (so that f “ s{t as an element of the function
field of X). Let I be the ideal subsheaf of OX generated by s, t. Let πf : Xrf s Ñ X be the
blowup of X at the ideal sheaf I. Then, the ideal sheaf π´1f pIq ¨ OXrfs is invertible. Thus,
by Lemma 4.1, the rational function π˚f pfq extends to a morphism
rf : Xrf s Ñ P1R. (This
construction is given in [9, Chapter II, Example 7.17.3].)
Given any pair pY, φq as in property (b) in the statement of the theorem, we see by Lemma
4.1 that the ideal sheaf φ´1pIq ¨ OXrfs is invertible. Thus, we obtain the result by applying
the universal property of blowups (see [9, Chapter II, Prop. 7.14]). 
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Note that even if f and g both induce morphisms from X Ñ P1R, the product fg may not
do so. However, the following lemma is easy to prove:
Lemma 4.3. Let X be a separated, integral R-scheme. Let f P OˆXpXq and let g be a rational
function on X. Then:
paq g induces a morphism from X to P1R if and only if fg induces a morphism from X to
P1R.
pbq Xrgs » Xrfgs as X-schemes.
Notation 4.4. Let f1, . . . , fn be rational functions on X. We will write Xrf1, . . . fns instead
of Xrf1srf2s ¨ ¨ ¨ rfns.
4.1.2. Attaching an n-th root of a rational function. Given a regular function f : X Ñ P1R
and an integer n ą 1, we would like to construct the final object in the category of X-schemes
on which f has an n-th root. We need to be careful about the fact that the n-th root may
not be unique. So in order to conveniently phrase the universal property of our construction,
we also pick out a specific n-th root of (the pullback of) f .
Proposition 4.5. Let X be a separated, integral R scheme and let f : X Ñ P1R be a morphism.
Let n ą 0 be an integer. Then there exists a triple
pXrf1{ns, πf,n, f
1{nq
consisting of a scheme Xrf1{ns, a morphism πf,n : Xrf
1{ns Ñ X and a morphism f1{n :
Xrf1{ns Ñ P1R such that the following conditions hold:
paq The morphism f1{n is an n-th root of π˚f,npfq. We will call f
1{n the structural n-th
root of the triple pXrf1{ns, πf,n, f
1{nq.
pbq Given any triple pY, φ, gq where Y is an R-scheme, φ : Y Ñ X is a morphism and
g : Y Ñ P1R is a morphism which is an n-th root of φ
˚pfq, then there exists a unique
morphism rφ : Y Ñ Xrf1{ns such that φ “ πf,n ˝ rφ and rφ˚pf1{nq “ g.
Proof. As above, let T0, T1 be the homogeneous coordinates on P
1
R. There exists a line bundle
L on X and global sections s, t of L such that f˚pOp1qq “ L via an isomorphism that maps
f˚pT0q to s and f
˚pT1q to t. Then, as elements of KpXq, we have the equality f “ s{t.
Let φn : P
1
R Ñ P
1
R be the n-th power map given by the graded ring homomorphism
RrT0, T1s Ñ RrT0, T1s, T0 ÞÑ T
n
0 , T1 ÞÑ T
n
1 . Then we define Xrf
1{ns to be the fiber product
X ˆf,P1
R
,φn
P1R with
p1 : Xrf
1{ns “ X ˆf,P1
R
,φn
P1R Ñ X, p2 : Xrf
1{ns “ X ˆf,P1
R
,φn
P1R Ñ P
1
R
being the projections on the first and second factors respectively. We define πf,n to equal to
p1 and we define g “ p
˚
2pT0{T1q. It is easy to see that g
n “ f .
Now suppose that pY, φ, gq is another triple as in property (2) in the statement of the theo-
rem. Then, the universal property of the fiber product immediately gives required morphismrφ from the morphisms φ : Y Ñ X and g : Y Ñ P1R. 
We will simply write Xrf1{ns for the triple pXrf1{ns, πf,n, f
1{nq, when the rest of the data is
clear from the context. Thus, for instance, suppose p : Z Ñ X and g : Z Ñ P1R are morphisms,
we may say that φ : Xrf1{ns Ñ pZ, p, gq is an isomorphism to mean that φ is an isomorphism
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from the scheme Xrf1{ns to the scheme Z such that πf,n ˝ φ “ p and φ
˚pgq “ f1{n. The
following lemma is obvious and so we omit its proof.
Lemma 4.6. Let X be a separated, integral R-scheme and let f P O˚pXq, viewed as a
morphism from X to P1R. If n P R
ˆ, then the morphism Xrf1{ns Ñ X is e´tale.
4.1.3. Turning a regular function into a unit. Suppose that f defines a morphism from X to
P1R. Then, Xtfu will denote a scheme with a given morphism ηf : Xtfu Ñ X such that the
following conditions hold:
paq η˚f pfq is in O
˚
XtfupXtfuq.
pbq Given any scheme Y and a morphism φ : Y Ñ X such that φ˚pfq is in O˚Y pY q, there
exists a unique map rφ : Y Ñ Xtfu such that φ “ πf ˝ rφ.
Clearly, Xtfu is just the open subscheme of Xrf s which is the complement of the support
of divpfq.
Remark 4.7. We observe that due to the universal properties of the three constructions 4.1.1-
4.1.3, they may be permuted. In other words, if f is a rational function and g, h are regular
functions on X and n ą 1 is an integer, then we have isomorphisms Xrf stgu » Xtgurf s,
Xrf srg1{ns » Xrg1{nsrf s and Xtgurh1{ns » Xrh1{nsrgs. However, for the second and third
isomorphisms to make sense, we should also keep track of the structural n-th roots.
4.2. Nodal blowups of ruled surfaces. Let C be a smooth, 1-dimensional scheme over
k. In this section, we will work with schemes that are obtained by successive blowups at
smooth, closed points on a scheme of the form. Thus, all such schemes will come equipped
with canonical birational maps between them. We will use the following conventions involving
rational functions, points and curves on such schemes for the sake of brevity.
Conventions 4.8.
(1) Rational functions: Given any scheme X obtained from P1C by successive blowups, its
function field will be canonically isomorphic to that of P1C . We will use this canonical
isomorphism to identify the two function fields. Thus, the same symbol will be used
to denote a rational function on P1C and its pullback to X. In particular, a rational
function in x and y with coefficients in k can be interpreted as a rational function on
any smooth scheme that is birational to P1C .
(2) Points: Suppose X and Y are both birational to P1C and let φ : X 99K Y be the
unique birational map such that the diagram
X
φ
//❴❴❴❴❴❴❴
  ❅
❅
❅
❅ Y
~~⑦
⑦
⑦
⑦
P1C
commutes. Let P be a point on X such that φ is an isomorphism on an open neigh-
bourhood of P . Then the image φpP q in Y will also be denoted by the symbol P .
(3) Curves: Suppose X, Y and φ are as in (b). If B is a curve on X, the map φ is defined
on an open subset B1 of B. The closure of φpB1q, which is called the proper transform
of B under φ, will also be denoted by the symbol B.
We fix the following setting for the rest of the article.
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Notation 4.9. Fix an algebraically closed field k of characteristic 0.
(1) Let x be a variable and let A be the Henselization of the polynomial ring krxs at the
maximal ideal xxy. Let C “ SpecA and let c0 denote the closed point of C. Every
1-dimensional regular henselian local ring containing k is isomorphic to A.
(2) Let Y and Z be variables which denote the homogeneous coordinates on P1C . Thus,
P1C “ ProjArY,Zs.
(3) Let y denote the rational function Y {Z on P1C which is defined on the open subscheme
of P1C defined by the condition Z ‰ 0. This open subscheme is simply SpecArys » A
1
C
and the point pc0, r0 : 1sq is defined by the ideal xx, yy of Arys.
(4) Let ℓ8 denote the closed subscheme Cˆtr0 : 1su of P
1
C , which is the divisor of zeros of
y. The closed subscheme C ˆ tr1 : 0su is the divisor of poles of y and will be denoted
by ℓ´8.
Definition 4.10. Let X be any scheme that is obtained from P1C by a finite number (possibly
zero) of successive blowups at smooth, closed points.
(1) The fibre of of X Ñ C over c0 is a connected scheme, the irreducible components of
which are isomorphic to P1k. We refer to these as lines on X.
(2) We define a pseudo-line to be any curve that is either a line on X or the proper
transform of ℓ8.
(3) A node on X is defined to be the intersection point of two pseudo-lines. It is easy to
see that any node is the point of intersection of exactly two pseudo-lines. Thus, for
instance, the point pc0, r0 : 1sq is the only node on the scheme P
1
C .
We will denote by N the collection of schemes X admitting a morphism X Ñ P1C , which
factors as
X “ Xr
pirÝÑ Xr´1
pir´1
ÝÝÝÑ ¨ ¨ ¨
pi1ÝÑ X0 “ P
1
C
with r ě 0, where for all i ě 1, πi : Xi Ñ Xi´1 is the blowup of Xi´1 at some node of Xi´1.
Note that the definition of N does not merely depend on the scheme C. It depends on the
choices of the parameter x on C as well as the homogeneous coordinates Y and C on P1C .
Since all the nodes in all the X P N lie over the point pc0, r0 : 1sq, we see that these ideals
defining these nodes are generated by rational functions in x and y. We will now describe all
such ideals.
Example 4.11. To begin with, we examine the blowup of P1C at the point pc0, r0 : 1sq. As
we noted above, this point is locally defined by the ideal xx, yy. It is the intersection of the
unique line in P1C and the pseudo-line ℓ8. The line in P
1
C has y has a parameter while the
pseudo-line ℓ8 has x as a parameter. When we blow up the point, the exceptional divisor
is a line having parameter x{y. It meets the proper transform of the line on P1C in a point
defined by the ideal xx{y, yy. It meets the proper transform of ℓ8 in a point defined by the
ideal xx, y{xy.
More generally, suppose that a node, which is the intersection of pseudo-lines C1 and C2 is
defined by the ideal xα, βy. We also assume that α is a parameter on C1 and β is a parameter
on C2. When this point is blown up, the exceptional divisor is a line having parameter α{β.
The proper transforms of C1 and C2, which we continue to denote by the symbols C1 and
C2 respectively, have parameters α and β respectively. The exceptional divisor meets C1 in a
point defined by the ideal xα, β{αy and it meets C2 in a point defined by the ideal xα{β, βy.
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Since we start with the ideal xx, yy it is easy to see that all the nodes will be locally defined
by ideals of the form xxa{yb, yd{xcy where a, b, c, d are non-negative integers. Also, at such a
node, the rational function xa{yb is a parameter on one of the pseudo-lines through the node,
while yc{xd is a parameter on the other pseudo-line.
Thus, we see that for any X P N , any line on X has a parameter of the form xa{yb for
non-negative integers a and b. Observe that the integers a and b are uniquely determined
by this line. Indeed, if xa{yb and xc{yd are parameters on the same line, they are related
by a fractional linear transformation. In other words, there exist α, β, γ, δ in k such that
αδ ´ βγ ‰ 0 such that
xa{yb “
αpxc{ydq ` β
γpxc{ydq ` δ
.
As x and y are algebraically independent, it is easy to prove that this can only happen if
pa, bq “ pc, dq.
Lemma 4.12. Let X P N . Then:
(a) If a line l of X is has a parameter of the form xa{yb, then a and b are coprime
non-negative integers.
(b) If C1 and C2 are pseudo-lines on X with parameters x
a{yb and xc{yd which intersect
at a node defined by the ideal xxa{yb, yd{xcy, then ad´ bc “ 1 (and so, in particular,
a{b ą c{d).
Proof. We choose a sequence of blowups
X “ Xr
pirÑ Xr´1
pir´1
Ñ ¨ ¨ ¨
pi1Ñ X0 “ P
1
C
where πi is the blowup of Xi´1 at a node.
We prove these statements on all the Xi by induction on i. They are clearly both true for
i “ 0. Suppose we know these statements to be true for all the nodes on Xi, where i ě 0
and and that Xi`1 is obtained from Xi by blowing up a node given by the maximal ideal
xxa{yb, yd{xcy. By the induction hypothesis, a{b ą c{d and ad ´ bc “ 1. Then, on Xi`1, we
have two new nodes given by the maximal ideals xxa`c{yb`d, yd{xcy and xxa{yb, yb`d{xa`cy.
Since ad´bc “ 1, we also get pa`cqd´pb`dqc “ ad´bc “ 1 and apb`dq´bpa`cq “ ad´bc “ 1.
Clearly, this implies that a` b and c` d are coprime. This completes the proof. 
This shows that if two intersecting lines on X have parameters xa{yb and xc{yd, then the
fractions a{b and c{d are in reduced form and that they are adjacent to each other on the Stern-
Brocot tree (see [8, Section 4.5]). Indeed, we see that if X in N has n lines, we can associate to
it the sequence sequence of rational numbers r0 “ ´8 ă r1 “ 0 ă . . . ă rn “ 1 ă rn`1 “ 8
such that:
(1) For 1 ď i ď n, if ri is written in reduced fractional form as ai{bi for some non-negative
integers ai, bi, then X contains a line parameterized by x
ai{ybi . We will label this line
as ℓri . For i “ 0 and i “ n ` 1, the symbol ℓri will denote the pseudo-lines ℓ´8 and
ℓ8 respectively.
(2) For 1 ď i ď n, the line ℓri only meets the pseudo-lines ℓri´1 and ℓri`1 . If ri and ri`1
are written in reduced fractional form as ri “ ai{bi and ri`1 “ ai`1{bi`1 then they
meet in a node defined by the maximal ideal xxai`1{ybi`1 , ybi{xaiy. (Here, if ri`1 “ 8,
we choose ai`1 “ 1 and bi`1 “ 0.)
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Note that this also shows that for pair of coprime integers pa, bq with a ă b, there is at
most one line on X with parameter xa{yb. Thus, labelling such a line as ℓr does not cause
any conflicts. It is also easy to see if such lines exist on two schemes X1, X2 in N , then
the canonical birational maps from X1 to X2 will take the lines into each other. Thus, our
labelling respects the convention mentioned above, regarding using the same symbols for lines
that are proper transforms of each other.
Lemma 4.13. Let 0 ă r ď 1 be a rational number, represented in reduced rational form as
a{b. Let X P N be such that it contains a line labelled ℓr. Then the rational function x
a{yb
defines a morphism from X to P1R. The support of the divisor of zeros of x
a{yb is given by
Supppdiv0px
a{ybqq “ ℓ´8 Y
˜ď
săr
ℓs
¸
and the support of the divisor of poles of xa{yb is given by
Supppdiv8px
a{ybqq “ ℓ8 Y
˜ď
sąr
ℓs
¸
.
(Here the unions are over all s such that X contains a line labelled ℓs.)
Proof. We omit the proof of this lemma, but it can be easily proved using an inductive
argument as in the proof of Lemma 4.12. 
The following lemma, which says that any ruled surface can be obtained from a suitable
blowup of a nodal blowup, will be used in Section 6.
Lemma 4.14. Let π : X Ñ P1C be a composition of successive blowups at smooth closed
points. Then, there exist morphisms
X
φ
Ñ X 1
ψ
Ñ P1C
such that the following conditions hold:
paq φ and ψ are compositions of successive blowups at smooth closed points.
pbq X 1 is an element of N .
pcq φ : X Ñ X 1 is a blowup whose support does not contain any of the nodes of X 1.
Proof. The morphism π can be viewed as the blowup of a closed subscheme of P1C correspond-
ing to an ideal sheaf J which is is supported on a codimension 2 subscheme of P1C . We will
first reduce to the situation where the SupppJ q “ tpc0, r0 : 1squ.
If SupppJ q consists of a single point, by a suitable linear change of coordinates, we may
assume that this point is actually pc0, r0 : 1sq. Let N denote the number of components
of π´1pℓ0ztpc0, r0 : 1squ. If N “ 1, then SupppJ q “ tpc0, r0 : 1squ as desired. If N ą 1,
then there exists at least one other point of ℓ0 which is in SupppJ q. By a linear change of
coordinates which leaves pc0, r0 : 1sq fixed, we may ensure that the point pc0, r1 : 0sq is in
SupppJ q. Let rX Ñ P1C denote the blowup at pc0, r1 : 0sq. Clearly, π : X Ñ P1C factors
uniquely through rX . Let rπ : rX Ñ P1C be the morphism which contracts the line ℓ0 on rX .
Let π1 : X Ñ P1C be the composition X Ñ
rX rpiÑ P1C . It is easy to see that the number of
components of pπ1q´1pℓ0ztpc0, r0 : 1squq is strictly less than 1. Repeating this process with π
1
in place of π if necessary, we eventually obtain a morphism X Ñ P1C which is a blowup at a
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subscheme supported at the point pc0, r0 : 1sq. So, from this point onward, we assume that
SupppJ q X ℓ0 “ tpc0, r0 : 1squ.
The morphism X Ñ P1C can be written as a composition
(4.1) X :“ Xm Ñ Xm´1 Ñ ¨ ¨ ¨ Ñ X1 Ñ X0 :“ P
1
C
where πi,i´1 : Xi Ñ Xi´1 is the blowup at a smooth closed point Qi´1 of Xi´1. For any i ą j,
let πi,j denote the composition πj`1,j ˝ ¨ ¨ ¨ ˝ πi,i´1 and for i “ j, let πi,i denote the identity
morphism.
For any integer i, 0 ď i ď m, we call a point Q P Xi a pure node if for any 1 ď j ď i, the
point πi,jpQq is a node (see Notation 4.9). We observe that Q0 is a pure node. We first claim
that the above factorization of the morphism X Ñ P1C can be chosen so that there exists an
integer 0 ă m1 ď m such that Qr P Xr is a pure node if and only if r ă m
1. We will do this
by modifying the above sequence of blowups repeatedly.
If Qr is not a pure node for any r ě 1, we may take m
1 “ 1. So, now we assume that
there Let p be the largest non-negative integer such that Qr is a pure node for every r ă p,
but Qp is not a pure node. If Qr is not a pure node for any r ą p, we may simply take
m1 “ p. If not, let q be the smallest integer greater than p such that Qq is a pure node. Thus,
πq,q´1pQpq ‰ Qq´1. Let X
1
q be the blowup of Xq´1 at Q
1
q´1 :“ πq,q´1pQqq. Let Q
1
q P X
1
q be
the unique point of X 1q which lies over Qq´1. If X
1
q`1 is the blowup of X
1
q at Q
1
q, it is clear
that we have a canonical isomorphism Xq`1 Ñ X
1
q`1 such that the diagram
X 1q`1
–
//

Xq`1

X 1q
//
##❋
❋❋
❋❋
❋❋
❋❋
Xq

Xq´1
commutes. Thus, we may now relabel Q1q´1 as Qq´1, Q
1
q by Qq and X
1
q by Xq to get a different
factorization of the morphism X Ñ P1C as a sequence of blowups. However, now the smallest
integer r ą p such that Qr is a pure node is q ´ 1. If q ´ 1 ą p, we may repeat this process.
Continuing in this manner, we modify the sequence of blowups until we come to a situation
where Qr is a pure node for all r ă p` 1. We perform this entire procedure repeatedly until
we obtain a sequence with the required property.
We then set X 1 :“ Xm1 and obtain the desired factorization
X
φ
Ñ X 1
ψ
Ñ P1C
of π, clearly satisfying the conditions (a), (b) and (c). 
4.3. Local geometry of ruled surfaces. Our proof of the main theorem (Theorem 1.5(b))
will be achieved by induction on the number of blow-ups required to obtain a given non-
minimal ruled surface. In this subsection, we prove a result regarding the local geometry of
nodal blowups of P1C , which will play a crucial role in the induction argument. We keep the
notation and conventions from Section 4.2.
Definition 4.15. Let X P N and let Xc0 denote the fiber of X Ñ C over c0.
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(1) Let r be a non-negative rational number, written in reduced form as r “ a{b, a, b P Z.
Choose a scheme X P N which has a line labelled ℓr. We define the open subset Ur
of X by
Ur :“ XzpSupppdivpx
a{ybqq XXc0q.
If r happens to be a positive integer, choose a scheme X P N which has a line labelled
ℓr and no lines labelled ℓs for any s ą r. We define the open subset rUr of X byrUr :“ XzpSupppdiv0px1{yrq XXc0q
We also define rU0 :“ P1Cztpc0, r0 : 1squ.
(2) Let r and s be two non-negative rational numbers such if they are written in reduced
form as r “ a{b and s “ c{d, then r ´ s “ 1{pbdq. Then, one can show that there
exists an element X of N on which there exist lines ℓr and ℓs, which meet in a point.
We define the open subset Ur,s of X by
Ur,s :“ Xz
”´
Supppdiv8px
a{ybqq Y Supppdiv0px
c{ydqq
¯
XXc0
ı
.
If r happens to be a positive integer, one can show that there exists an element X
of N on which there exist lines ℓr and ℓs which meet in a point, and such that there
does not exist any line labelled ℓt for t ą r. We define the open subset rUr,s of X byrUr,s :“ XzpSupppdiv0pxc{ydqq XXc0q.
If r “ 0 and s is of the form 1{d for some integer d, we definerU0,s :“ XzpSupppy1{xdq XXc0q.
It can be easily verified that the isomorphism classes of Ur, rUr, Ur,s, rUr,s are independent of
the choice of X.
Remark 4.16. The significance of the open subschemes of the form Ur and Ur,s may be
understood by recalling the observations in Remark 3.10.
Lemma 4.17. Let r, s ě 1 be rational numbers.
paq The schemes Ur and Ur´1 are isomorphic over C. If r is an integer, then rUr andrUr´1 are isomorphic over C.
pbq Let r and s be such that if they are written in reduced form as r “ a{b and s “ c{d,
then r´ s “ 1{pbdq. Then the schemes Ur,s and Ur´1,s´1 are isomorphic over C. If r
is an integer, then rUr,s and rUr´1,s´1 are isomorphic over C.
Proof. We will sketch the argument for the first part of (a); the proofs of the remaining
statements are essentially the same and are left to the reader. Let W “ X1zℓ0. As r ą 1,
the image of Ur Ñ X1 factors through W . However, observe that the line ℓ0 in X1 has
self-intersection ´1 and can thus be contracted due to Castelnuovo’s contractibility criterion.
Indeed, there exists a morphism X1 Ñ P
1
U for which ℓ0 is the exceptional divisor. (This
process of blowing up a point on a ruled surface and contracting the strict transform of the
fiber through the point is called an elementary transformation; see [9, Chapter V, Example
5.7.1].) Thus, we see that there is an isomorphism θ : W Ñ P1Uztpc0, r0 : 1squ. It is easy to
see that
Ur´1 – Ur ˆW,θ pP
1
Uztpc0, r0 : 1squ.
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Indeed, an explicit computation shows that θ˚pyq “ x{y. Thus, one can see that for any
positive integers a and b, θ˚pxa{ybq “ xa´b{yb. 
Theorem 4.18. Let r be a non-negative rational number, written in reduced rational form
as a{b. Let φb : C Ñ C be the morphism corresponding to the k-homomorphism A Ñ A
defined by x ÞÑ xb. Let p1 : Ur ˆC,φb C Ñ Ur and p2 : Ur ˆC,φb C Ñ C be the two projection
morphisms. We view Ur ˆC,φb C as a C-scheme via p2 and denote p
˚
2pxq by x. Then, there
exists an isomorphism of C-schemes
Ua
„
Ñ pUr ˆC,φb Cqrx
a{ys,
where pUr ˆC,φb Cqrx
a{ys is considered a C-scheme via the morphism
pUr ˆC,φb Cqrx
a{ys Ñ Ur ˆC,φb C
p2
Ñ U .
Moreover, the composition morphism
pUr ˆC,φb Cqrx
a{ys Ñ pUr ˆC,φb Cq Ñ Ur
is a b-sheeted finite e´tale cover.
Proof. We begin by choosing a specific X P N containing the line ℓr for an explicit description
of Ur.
We first set s0 “ 0, s1 “ 1 and s2 “ 1{2. For i ą 2 we choose si as follows, with ai{bi
denoting the reduced rational representation of si for each i:
‚ If r lies between si´2 and si´1, we define si :“
ai´2`ai´1
bi´2`bi´1
.
‚ If r does not lie between si´1 and si, then we define si :“
ai´3`ai´1
bi´3`bi´1
.
It can be proved that this sequence tsiui is finite and terminates in r (see [8, Section 4.5]).
Suppose sn “ a{b “ r. Also, if the numbers si are arranged in increasing order and if si and
sj are adjacent to each other in this arrangement with si ă sj, then we have ajbi ´ aibj “ 1.
Thus, with the notation established in Section 4.1, we have
X » P1Crx
a1{yb1 , . . . , xa{ybs.
Using Lemma 4.13, it is easy to see that
P1Crx
a1{yb1 , . . . , xa{ybstxa{ybu “ Urzpℓ8 Y ℓ´8q.
We denote this open subscheme of X by W1. Let W2 denote the open subscheme X ˆC
pCztc0uq “ Xtxu. It is clear that tW1,W2u is a Zariski open cover of Ur.
Note that on W1 ˆU,φb U , we have p
˚
1pxq “ p
˚
2pφ
˚
b pxqq “ p
˚
2pxq
b. Since we are writing p˚2pxq
as just x, we may write p˚1pxq “ x
b. Thus, we compute
pW1 ˆC,φb Cq » P
1
Crx
a1{yb1 , . . . , xa{ybstxa{ybuq ˆC,φb C
» P1Crp
˚
1pxq
a1{yb1 , . . . , p˚1pxq
a{ybstp˚1pxq
a{ybu
» P1Crx
a1b{yb1 , . . . , xab{ybstxab{ybu.
Hence,
pW1 ˆC,φb Cqrx
a{ys » P1Crx
a1b{yb1 , . . . , pxa{yqbstpxa{yqburxa{ys
» P1Crpx
a{yqstpxa{yqburxa1b{yb1 , . . . , xan´1b{ybn´1s
» P1Crpx
a{yqstpxa{yqurxa1b{yb1 , . . . , xan´1b{ybn´1s.
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However, for 1 ď i ď n´ 1, we have
xaib{ybi “ xpaib´abiqpxa{yqbi .
As the rational functions xa{y and x extend to morphisms from P1Crpx
a{yqstxa{yu to P1C and
since xa{y is a unit on P1Crpx
a{yqstxa{yu, we obtain isomorphisms
(4.2) W1 ˆC,φb Crx
a{ys
„
ÝÑ P1Crpx
a{yqstxa{yu
„
ÝÑ Uaz pℓ´8 Y ℓ8q .
We have a similar computation for pW2 ˆC,φb Cqrx
a{ys.
pW2 ˆC,φb Cqrx
a{ys » P1Crx
a1{yb1 , . . . , xa{ybstxuq ˆU,φb U
» P1Crp
˚
1pxq
a1{yb1 , . . . , p˚1pxq
a{ybstp˚1pxqu
» P1Crx
a1b{yb1 , . . . , xab{ybstxbu
» P1Ctx
burxa1b{yb1 , . . . , xab{ybs
» P1Ctxur1{y
b1 , . . . , 1{ybs
» P1Ctxu.
A similar computation shows that Uatxu » P
1
Cztc0u
. Thus, we have
(4.3) pW2 ˆC,φb Cqrx
a{ys » Uatxu.
The open subschemes Uaz pℓ´8 Y ℓ8q and Uatxu form a Zariski open cover of Ua. Thus, we
have proved the required isomorphism over the pieces of a Zariski open cover. It remains to
be shown that these isomorphisms agree over the intersection. The intersection of these two
open subschemes of Ua is
Uatxuz pℓ´8 Y ℓ8q “ Uatxutyu.
Let φ1 denote the composition
Uatxutyu ãÑ Uatxu
„
ÝÑ pW2 ˆC,φb Cqrx
a{ys ãÑ pUr ˆC,φb Cqrx
a{ys
and let φ2 denote the composition
Uatxutyu ãÑ Uatx
a{yu
„
ÝÑ pW1 ˆC,φb Urqrx
a{ys ãÑ pUr ˆC,φb Cqrx
a{ys.
These are open immersions with the same image. For both i “ 1 and 2, the morphisms
Uatxutyu
φiÑ Ur ˆU,φb U Ñ Ur
express Uatxutyu as the universal solution of the problem of
‚ attaching a b-th root of x to Ur, the distinguished root being x (that is, the pullback
of x via the obvious morphism Ua Ñ U),
‚ turning x into a unit, and
‚ turning y into a unit.
It follows from the universality of the solution that the isomorphisms (4.2) and (4.3) glue to
give an isomorphism Ua
„
Ñ pUr ˆU,φb Uqrx
a{ysq.
It remains to prove that the projection UrˆC,φbC Ñ Ur is e´tale. It is clearly e´tale away from
the zero divisor of x and thus it is enough to prove that the map pW1 ˆC,φb Cqrx
a{ys Ñ W1
is e´tale.
First observe that W1ˆC,φb C »W1rx
1{bs (however, note that under this isomorphism, the
rational function x1{b on the scheme on the right corresponds to the rational function x on the
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scheme on the left!). Hence, we have an isomorphism pW1ˆC,φbCqrx
a{ys »W1rx
1{b, px1{bqa{ys.
So, we will now show that the morphism W1rx
1{b, px1{bqa{ys Ñ W1 is e´tale.
Our construction of X at the beginning of the proof shows that there exists a pair of
integers pc, dq such that ad´ bc “ 1 and such that xc{yd is a morphism on X, and hence on
W1. Thus,
pyd{xcqb “ pybd{xadq ¨ x.
We will now show that
W1rx
1{b, px1{bqa{ys »W1rpy
bd{xadq1{bs.
As pybd{xadq “ pyb{xaqd is a unit on W1, the map W1rppy
b{xaqdq1{bs Ñ W1 is e´tale and this
will complete the proof of the theorem.
On the schemeW1rx
1{b, px1{bqa{ys, the rational function y{px1{bqa induces a morphism from
W1rx
1{b, px1{bqa{ys to P1C and
ppy{px1{bqaqdqb “ pybd{xadq.
Thus, there is a unique morphism φ : W1rx
1{b, px1{bqa{ys Ñ W1rppy
bd{xadqq1{bs such that
φ˚ppybd{xadq1{bq “ yd{px1{bqad. On the scheme W1rpy
bd{xadq1{bs, we have a rational function
denoted by pybd{xadq1{b which induces a morphism from W1rpy
bd{xadq1{bs to P1C , and which
has the property that
ppybd{xadq1{bqb “ ybd{xad “ pyb{xaqd.
As the rational function yb{xa is a unit, so is pybd{xadq1{b. We will denote its multiplicative
inverse by pxad{ybdq1{b. Observe that”
pxad{ybdq1{b ¨ pyd{xcq
ıb
“ pxad{ybdq ¨ pybd{xbcq “ x.
Thus, pxad{ybdq1{b ¨ pyd{xcq is a b-th root of x. Thus, we obtain a W1-morphismrψ : W1rpybd{xadq1{bs ÑW1rx1{bs
such that rψ˚px1{bq “ pxad{ybdq1{b ¨ pyd{xcq. Observe that”
pxad{ybdq1{b ¨ pyd{xcq
ıa
¨ p1{yq “
”
pxad{ybdq1{b
ıa
¨ pyb{xaqc.
Since pxad{ybdq1{b defines a morphism from W1rpy
bd{xadq1{bs to P1C and since py
b{xaq is a
unit, it follows that the rational function p rψ˚px1{bqqa{y defines a W1rx1{bs-morphism from
W1rpy
bd{xadq1{bs to P1C . Thus,
rψ lifts uniquely to a morphism
ψ :W1rpy
bd{xadq1{bs ÑW1rx
1{b, px1{bqa{ys.
Observe that
ψ˚pφ˚ppybd{xadq1{bqq “ ψ˚pyd{px1{bqadq
“
yd“
pxad{ybdq1{b ¨ pyd{xcq
‰ad
“ yd
ˆ
xacd
yad
2
˙«ˆ
ybd
xad
˙1{bffad
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“
ˆ
xacd
ydpad´1q
˙«ˆ
ybd
xad
˙1{bffpad´1q ˆ
ybd
xad
˙1{b
“
ˆ
ybd
xad
˙1{b
,
since ad ´ bc “ 1. Thus, by the universal property of the scheme W1rpy
bd{xadq1{bs, we see
that φ ˝ ψ is the identity morphism of W1rpy
bd{xadq1{bs. A similar computation yields
φ˚pψ˚px1{bqq “ φ˚ppxad{ybdq1{b ¨ pyd{xcqq “
˜
px1{bqad
yd
¸ˆ
yd
xc
˙
“ x1{b.
Thus, by the universal property of the scheme W1rx
1{b, px1{bqa{ys, we see that ψ ˝ φ is the
identity morphism of W1rx
1{b, px1{bqa{ys. Thus, φ and ψ are isomorphisms, which concludes
the proof of the theorem. 
5. The special case of nodal blowups
We will keep the conventions and notation from Section 4.2. The aim of this section is to
show that Theorem 1.5 holds for nodal blowups, that is, elements of N .
Theorem 5.1. Let X P N and let U be a henselian local scheme over k. Then
πA
1
0 pXqpUq “ S
2pXqpUq “ SnpXqpUq,
for all n ě 2.
Theorem 5.1 is a direct consequence of Proposition 5.3 and Proposition 5.5 below. It will
be convenient to first prove Theorem 5.1 in the case when X belongs to a special subset of
N , which we describe in Notation 5.2.
Let X P N . This means that there is a sequence of morphisms
(5.1) X “ Xp Ñ ¨ ¨ ¨X1 Ñ X0 “ P
1
C ,
where for all i ě 1, Xi Ñ Xi´1 is a blowup at some node. The discussion in Section 4.2
shows that there exist ordered pairs of non-negative integers pm0, n0q, pm1, n1q, . . . , pmp, npq,
pmp`1, np`1q with the following properties:
(a) mi and ni are coprime or each i;
(b) pm0, n0q “ p0, 1q, pm1, n1q “ p1, 0q;
(c) For any i, there exist integers j and k such that 1 ď j ă k ă i such thatmknj´mjnk “
1 and mi “ mj `mk, ni “ nj ` nk;
(d) Xi “ Xi´1rx
mi`1{yni`1s (in the sense of Proposition 4.2).
Note that ni ‰ 0 for any i ‰ 1. We relabel these ordered pairs as pa0, b0q, pa1, b1q, . . .,
pap`1, bp`1q, in such a way that a0{b0 “ 0 ă a1{b1 ă . . . ă ap{bp and pap`1, bp`1q “ p1, 0q.
Set si “ ai{bi for 0 ď i ď p and sp`1 “ 8. Note that sp “ ap{bp is always an integer. There
are exactly p` 2 pseudo-lines on X, namely ℓ0 “ ℓs0 , ℓs1 , ¨ ¨ ¨ , ℓsp and ℓsp`1 “ ℓ8. For i ă j,
the pseudo-lines ℓsi and ℓsj meet if and only if j “ i ` 1. The node in which ℓsi and ℓsi`1
meet is locally given by the ideal xxai`1{ybi`1 , ybi{xaiy. From this description, it is clear that
X can be obtained from P1C by blowing up the ideal I “
śp
i“1xx
ai , ybiy.
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Notation 5.2. We let N 1 denote the subset of N consisting of blowups X of P1C such that
there exists a sequence of ordered pairs of non-negative integers pa0, b0q, . . . , pap`1, bp`1q such
that:
(1) pa0, b0q “ p0, 1q and pap`1, bp`1q “ p1, 0q,
(2) ai{bi ď 1 for all 1 ď i ď p,
(3) if si “ ai{bi for 1 ď i ď p, then ℓ0, ℓs1 , . . . , ℓsp , ℓ8 are all the pseudo-lines on X.
Proposition 5.3. Let X P N 1 and let U be a henselian local scheme over k. Then
πA
1
0 pXqpUq “ S
2pXqpUq “ SnpXqpUq,
for all n ě 2.
Proof. We use the notation that has been set up above. Thus, there exists a sequence of
ordered pairs of non-negative integers pa0, b0q, . . . , pap`1, bp`1q and morphisms
X “ Xp Ñ ¨ ¨ ¨ Ñ X1 Ñ X0 “ P
1
C
such that Xi “ Xi´1rx
ai{ybis and ai{bi ď 1 for all 1 ď i ď p with pap, bpq “ p1, 1q. By Remark
2.15, we are reduced to determining when two γ-morphisms U Ñ P1C that lift to X and map
the closed point of U to pc0, r0 : 1sq are n-ghost homotopic for n ě 1. Write U “ SpecR,
where R is a smooth henselian local ring with maximal ideal m and write r0 “ γ
˚pxq P R for
the pullback of the uniformizing parameter x on the coordinate ring of C. We work on Xγ
defined by the pullback
Xγ //

X

U
γ
// C
and show that any two sections U Ñ Xγ which are n-ghost homotopic for some n are actually
1-ghost homotopic and also map to the same section of πA
1
0 pXγqpUq. Any γ-morphism α :
U Ñ P1C induces a section β : U Ñ P
1
U . If the γ-morphism α maps the closed point u of
U to pc0, r0 : 1sq, the corresponding section β : U Ñ P
1
U maps u to pu, r0 : 1sq. Hence it
factors through the open subscheme A1U “ SpecRrys “ SpecRrY {Zs Ă P
1
U . Thus, any such
β is characterized by an R-algebra homomorphism β˚ : Rrys Ñ R. Clearly, β˚pyq “ α˚pyq.
Moreover, α maps u to pc0, r0 : 1sq if and only if α
˚pyq lies in the maximal ideal m of R.
For any r P R, let βr : U Ñ P
1
U be the morphism induced by the R-algebra homomorphism
Rrys Ñ R, y ÞÑ r. Note that any section β : U Ñ P1U such that βpuq “ pu, r0 : 1sq is of the
form βr for some unique r P m. Such a section lifts to Xγ if and only if the ideal xr
ai
0 , r
biy is
principal for every i, 1 ď i ď p.
Let r1, r2 P m be such that the sections βr1 and βr2 lift to Xγ and are connected by an
n-ghost homotopy H which also lifts to Xγ . As pap, bpq “ p1, 1q, the sections βr1 , βr2 and the
n-ghost homotopy H lift to X1 ˆU,γ P
1
U which is obtained from P
1
U by blowing up the ideal
I1 “ xr0, yy. By Proposition 3.7, we see that the the ideals (or ideal sheaves) β
˚
r1
pI1q, β
˚
r2
pI1q,
h˚HpI1q are all generated by a fixed element of R, which we denote by r. There are clearly
two possibilities:
(A) r0|r: This happens when the ideals α
˚
1pI1q, α
˚
2pI1q is generated by r0. Thus r0|r1 and
r0|r2.
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(B) r|r0 but r0 ffl r: In this case, for i “ 1, 2, the ideal α
˚
i pI1q “ xr0, riy is generated by ri.
As xr0, r1y “ xr0, r2y, we see that r1 and r2 must be unit multiples of r.
At least one of (A) or (B) must hold for the lifts of βr1 and βr2 to Xγ to be n-ghost homotopic.
Of course, this is only a necessary condition for the lifts to be n-ghost homotopic. We will see
that the condition in case (A) is actually sufficient for the two lifts to be A1-chain homotopic.
However, in case (B), an additional condition is required.
Case (A) is very easy to deal with. Consider the homotopy
h : SpecRrT s “ A1U Ñ A
1
U “ SpecRrys
defined by y ÞÑ r1T ` r2p1´ T q. Then as ai ď bi for all i, and as r0 divides r1 and r2, we get
h˚pxrai0 , y
biyq “ xrai0 , pr1T ` r2p1´ T qq
biy
“ xrai0 y
which is a principal ideal. Thus, the homotopy h lifts to Xγ . Thus, we see that condition (A)
is actually sufficient for the lifts of βr1 and βr2 to be A
1-chain homotopic. Thus, in this case
they also map to the same element of πA
1
0 pXγqpUq.
Now, we consider case (B). Thus, r is an element of R such that r|r0, r0 ffl r and r1 and
r2 unit elements of m such that ri{r is a unit for i “ 1, 2. We assume that βri lifts to Xγ for
i “ 1, 2.
Claim 1: If there exists an n-ghost homotopy H connecting βr1 to βr2 which lifts to Xγ ,
then
r2
r1
´ 1 P
a
xr, r0{ry.
Proof of Claim 1: Suppose there exists an n-ghost homotopy H connecting βr1 to βr2 which
lifts to Xγ . By Proposition 3.7, the ideal sheaf h
˚
HpI1q is generated by f
˚
Hprq. At any point v
of SppHq, the ideal h˚HpI1qv is equal to xf
˚
Hpr0q, h
˚
Hpyqy. Thus, we see that the ideal Iprq :“
xf˚Hprq, h
˚
Hpyqy of OSppHq,v is principal. Thus if Xγ,r denotes the scheme obtained by blowing
up P1U at the closed subscheme Zph
˚
HpIγq ¨ Iprqq we see that the n-ghost homotopy H lifts
uniquely to Xγ,r. Let us denote this lift by H
r. The scheme Xγ,r can also be constructed
by first blowing up the closed subscheme ZpIprqq to construct Xprq and then blowing up the
total transform of the ideal sheaf h˚HpIγq on Xprq. We will now examine this total transform.
We view Xprq as a closed subscheme of U ˆ P1 ˆ P1 where we use the homogeneous
coordinates Y,Z for the first copy of P1 and Y0, Y1 for the second copy. Then, Xprq is given
by the equation rY0Z “ Y1Y . It suffices to compute the total transform of h
˚
HpIγq in the
open patch Z ‰ 0 (since both Iprq and Iγ have support within this patch).
We will now show that there exist closed subschemes T1 and T2 of Xprq such that:
(a) The blowup of Xprq at T1 Y T2 is isomorphic to Xγ,r over Xprq.
(b) T1 is supported in the closed subscheme S1 of Xprq which is defined in the open patch
Y1 ‰ 0 by the ideal xr0{r, Y0{Y1y.
(c) T2 is supported in the closed subscheme S2 of Xprq which is defined in the open patch
Y0 ‰ 0 by the ideal xr, Y1{Y0y.
For this it will suffice to show that for each i, the total transform Ii is the product of a
locally principal ideal with an ideal Ji where Ji is supported in either S1 or S2. We will
consider two cases - either rai0 |r
bi or rbi |rai0 (which are not mutually exclusive).
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Suppose rai0 |r
bi . Notice that since we already know that r|r0, this implies that r0 and r
have the same squarefree part. On the open patch where Y1 ‰ 0,
xrai0 , y
biy “ xrai0 y x1, pr
bi{rai0 qpY0{Y1q
biy
“ xrai0 y
which is principal. On the open patch where Y0 ‰ 0, we simply observe that since r and r0
have the same squarefree part, the ideal xrai0 , pY1{Y0q
biy has the same radical as xr, Y1{Y0y and
the associated closed scheme is contained in T2.
If rbi |rai0 , then on the open patch Y1 ‰ 0, we have
xrai0 , y
biy “ xrbiy xprai0 {r
biq, pY0{Y1q
biy.
We claim that the support of ideal xprai0 {r
biq, pY0{Y1q
biy is contained in T1. For this, it suffices
to show that any prime p of R which does not contain r0{r cannot contain r
ai
0 {r
bi . To see
this, observe for any such prime p, r0{r is a unit in Rp then
pr0q
ai{rbi “ pr0{rq
aip1{rqbi´ai .
Since pr0q
ai{rbi P Rp, this shows that p1{rq
bi´ai P Rp. Since r P Rp, it follows that r is actually
a unit in Rp. Hence r
ai
0 {r
bi is also a unit in Rp, as required.
Observe that the projection of Xprq Ă U ˆ P1 ˆ P1 onto the first and third factors can
be viewed as the blowup of P1U “ ProjRrY0, Y1s at the closed subscheme xr, Y1y. Thus, the
projection map θ : Xγ,r Ñ ProjRrY0, Y1s is just the blowup of ProjRrY0, Y1s at the closed
subschemes Zpxr, Y1yq and Zpxr0{r, Y0yq. Let H
1 be the n-ghost homotopy θ ˝ Hr. Then if
β
γ,r
ri denotes the lift of βri to Xγ,r, we see that θ ˝ β
γ,r
r1 is the morphism corresponding to
the R-algebra homomorphism RrY0{Y1s Ñ R, Y0{Y1 ÞÑ r1{r. Thus, by Proposition 3.7, we
see that H1 avoids the closed subschemes Zpxr, Y1yq and Zpxr0{r, Y0yq. Thus, the restriction
of the n-ghost homotopy H1 to the subscheme Upr, r0{rq of U cut out by the ideal xr1, r0{ry
factors through
P1Upr,r0{rqzptp0 : 1q, p1 : 0qu ˆ Upr1, r
1qq » Gm ˆ Upr, r0{rq.
As Gm is A
1-rigid, the induced homotopy of the underlying reduced subscheme of U is con-
stant. In particular, since θ ˝ βγ,rri : U Ñ ProjRrY0, Y1s corresponds to the homomorphism
Y0{Y1 ÞÑ ri{r for i “ 1, 2, we see that r2{r1 “ 1 modulo any prime of R containing the ideal
xr, r0{ry. Thus r2{r1 ´ 1 P
a
xr, r0{ry.
To summarize, we have proved that if r1, r2 P m are unit multiples of r such that βr1 and
βr2 are n-ghost homotopic in Xγ , then r2{r1 ´ 1 lies in the ideal
a
xr, r0{ry.
Claim 2: If r1, r2 P m are unit multiples of r such that
δ :“
r2
r1
´ 1 P
a
xr, r0{ry,
then βr1 and βr2 are 1-ghost homotopic in Xγ .
Proof of Claim 2: We will explicitly construct a 1-ghost homotopy
H1 :“ pV Ñ A1U ,W Ñ V ˆA1
U
V, h, rσ0, rσ1,HW q
of U in ProjRrY0, Y1s connecting θ ˝ β
γ,r
r1 to θ ˝ β
γ,r
r2 which avoids the closed subschemes
Zpxr, Y1yq and Zpxr0{r, Y0yq.
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We first construct a Zariski open cover V of A1U “ SpecRrSs. Define
V1 :“ A
1
UzZpxr0{r, 1 ` δSyq;
V2 :“ A
1
UzUprq.
This is a Zariski open cover of A1U . Indeed, to show this, it is enough to see that if p is a
prime ideal of RrSs containing pr0{r, 1` δSq, then δ is a unit modulo p. Since δ P
a
xr, r0{ry,
we see that p cannot be a prime containing xr, r0{ry. But then p must fail to contain either r
or r0{r. Since p contains r0{r, it cannot contain r. Thus the point of A
1
U corresponding to p
must lie in V2. We define V “ V1 >V2. We will now define morphisms hi : Vi Ñ ProjRrY0, Y1s
for i “ 1, 2 and obtain h : V Ñ ProjRrY0, Y1s by defining hVi “ hi.
The morphism h1 : V1 Ñ ProjRrY0, Y1s is given by Y0{Y1 ÞÑ p1`δSqpr1{rq. Notice that the
assignment Y0{Y1 ÞÑ 1 ` δS actually defines a morphism A
1
U Ñ ProjRrY0, Y1s which factors
through the complement of Zpxr, Y1yq. However, it fails to avoid Zpxr0{r, Y0yq. Indeed the
preimage of this subscheme is the closed subscheme of Zpxr0{r, 1`δSyq of A
1
U . Hence, we have
cut out the scheme Zpxr0{r, 1 ` δSyq to ensure that the morphism h1 : V1 Ñ ProjRrY0, Y1s
gives rise to a morphism V1 Ñ Xγ,r.
The morphism h2 : V2 Ñ ProjRrY0, Y1s is given by composing the projection V2 Ñ UzUprq
with the morphism UzUprq Ñ P1U given by Y0{Y1 ÞÑ 1, that is, it is the “constant section at
1”. In other words, it factors through Y1 ‰ 0 and is given by Y0{Y1 ÞÑ 1 P RrS, r
´1srT s.
The morphisms σ0, σ1 : U Ñ A
1
U “ SpecRrSs factor through the open immersion V1 ãÑ A
1
U .
We choose the induced morphisms U Ñ V1 ãÑ V as the morphisms rσi. We choose W to be
equal to V ˆA1
U
V “
š
pi,jqpVijq where Vij “ ViXVj. The 0-ghost chain homotopy H
W will be
a single A1-homotopy which we will define separately on each piece Vij. For i “ j, we simply
define it to be the constant homotopy on Vi X Vi “ Vi.
We now define a homotopy between h1|V1XV2 and h2|V1XV2 . This morphism will be designed
to factor through Y0 ‰ 0 and thus will avoid Zpxr0{r, Y0yq. On the other hand, by the
definition of V2 it is clear that it will also avoid Zpxr, Y1yq Ă Zpxryq Ă ProjRrY0, Y1s. We
define this morphism by Y1{Y0 ÞÑ p1 ` δSq
´1p1 ´ T q ` T P RrS, r´1p1 ` δSq´1srT s. The
restriction of HW to V12 is taken to be this homotopy. The restriction of H
W to V21 is defined
to be the inverse of this homotopy.
Thus we have successfully constructed an 1-ghost homotopy in ProjRrY0, Y1s which avoids
the schemes Zpxr0{r, Y0yq and Zpxr, Y1yq. Thus, it avoids the closed subscheme T1 Y T2, and
hence lifts to Xγ,r. It is easy to see that it connects θ ˝ β
γ,r
r1 and θ ˝ β
γ,r
r2 . The lift of this
1-ghost homotopy to Xγ,r will connect β
γ,r
r1 and β
γ,r
r2 . Thus, on composing with the blowup
morphism Xγ,r Ñ Xγ , we get the desired 1-ghost homotopy in Xγ . This shows that βr1 and
βr2 are 1-ghost homotopic as claimed.
Finally, we observe that βr1 and βr2 have the same image in π
A1
0 pXγq by Lemma 2.6. This
observation along with Claim 1 and Claim 2 completes the proof of the proposition. 
Remark 5.4. The explicit 1-ghost homotopy constructed in the above proof has a useful
property which we will now record for use in the proof of Theorem 1.5. However, for the sake
of ready reference we summarize the notation and the assumptions.
Let X be in N 1. Let U “ Spec pRq be the spectrum of a henselian local scheme with closed
point u. We fix a morphism γ : U Ñ C which maps the closed point of U to c0 and the generic
point of U to the generic point of C. Let α1, α2 : U Ñ P
1
C be morphisms admitting lifts to
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X, which we denote by rα1 and rα2 respectively. We assume that rα1 and rα2 are connected
by an n-ghost homotopy on X. Let s0 “ 0 ă ¨ ¨ ¨ ă sp “ 1 be rational numbers such that
ℓs0 , . . . , ℓsp are all the lines on X. Suppose that rα1 (and hence rα2) maps u to the point of
intersection of ℓsi and ℓsi`1 . Let u
1 be a point of U such that rα1pu1q “ rα2pu1q. The proof
of Theorem 5.1 tells us that there exists a 1-ghost homotopy rH, satisfying the hypothesis of
Lemma 2.6, connecting rα1 and Ăα2. We claim that the morphism h rH maps the entire fiber
Spp rHqu1 to rαpu1q.
Let ri “ α
˚
i pyq for i “ 1, 2. Our hypothesis that rα1puq is the intersection of two lines
implies that we are in case (B) in the proof of Theorem 5.1. So we know that r1, r2 are unit
multiples of each other.
First we recall how the 1-ghost homotopy rH is defined. The 1-ghost homotopy H1 of U on
P1U constructed in the proof of Theorem 5.1 lifts to Xpr1q. We note that the morphism hH1
actually factors through the open subscheme of P1U over which the morphism Xpr1q Ñ P
1
U
is an isomorphism. On composing with the morphism Xprq Ñ Xγ Ñ X, we will get the
required 1-ghost homotopy rH. Thus, it will suffice to show that the morphism hH1 maps the
fiber SppH1qu1 “ Spp rHqu1 to a single point.
Since the morphism hH1 is defined by putting together the morphisms h1, h2 and the
morphism defining the homotopy HW , it will suffice to show that each of these morphisms
map the fiber of their domains over u1 to a single point. Looking at the formulas defining
these morphisms, it clearly suffices to show that δ “ pr1{r2q´ 1 is equal to 0 modulo p where
p is the prime ideal of R corresponding to u1.
Suppose α1pu
1q P ℓiz
´Ť
j‰i ℓsj
¯
for i R t0, pu. Then, by Lemma 3.9, the morphism hH1
maps Spp rHq into ℓiz´Ťj‰i ℓsj¯. As i R t0, pu, the line ℓi meets two other lines. Thus,
ℓiz
´Ť
j‰i ℓsj
¯
is A1-rigid and so h rH maps Spp rHqu1 to a single point.
Suppose α1pu
1q P ℓ1z
´Ť
j‰p ℓsj
¯
. Then, it follows that α˚1px{yq is a unit at u
1. Thus, r0{r1
(and hence r0{r2) is not in p. Since α1pu
1q “ α2pu
1q, we deduce that r0{r1 ´ r0{r2 is in p. As
r0
r1
´
r0
r2
“
r0
r2
ˆ
r2
r1
´ 1
˙
“ pr0{r2q ¨ δ,
we see that δ is in p as required.
On the other hand, suppose α1pu
1q P ℓ0z
´Ť
j‰0 ℓsj
¯
. Then, it follows that α˚1pyq is a unit
at u1. Thus, r1 (and hence r2) is not in p. Since α1pu
1q “ α2pu
1q, we deduce that r2 ´ r1 is in
p. As
r2 ´ r1 “ r1 ¨
ˆ
r2
r1
´ 1
˙
“ r2 ¨ δ,
we see that δ is in p as required.
Proposition 5.5. Let U be a henselian local scheme over k. If
πA
1
0 pXqpUq “ S
2pXqpUq “ SnpXqpUq
for all n ě 2 and for all X P N 1, then the same is true for all X P N .
Proof. As in the proof of Proposition 5.3, we fix a morphism γ : U Ñ C and restrict our
attention to γ-morphisms in the sense of Definition 2.10. As observed in Remark 2.15, it
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suffices to focus on the case in which γ maps the generic point of U to the generic point of
C and the closed point u of U to the closed point of C. Let α1, α2 : U Ñ X be γ-morphisms
which are connected by an n-ghost homotopy which we denote by H.
Let ℓ0, ℓs1 , . . . , ℓsp denote all the lines on X where 0 “ s0 ă s1 ă ¨ ¨ ¨ ă sp are rational num-
bers. Recall from the discussion following the statement of Theorem 5.1 that sp is necessarily
an integer. Let S :“ ts P Q | α1puq P ℓsu. We know that 1 ď |S| ď 2. By Lemma 3.9 and
Remark 3.10, the n-ghost homotopy H connecting α1 and α2 factors through the subscheme
W “ Xz
´Ť
sjRS
ℓsj
¯
.
Case A: Suppose that |S| “ 1, say S “ tsiu.
If i R t0, pu, then ℓsi meets exactly two lines and we see that W – Usi (see Definition 4.15).
If i P t0, pu, this complement is the open subscheme rUsi of X. In either case, by Lemma
4.17, W is seen to be isomorphic to an open subscheme W 1 – Usi´tsiu of some X
1 P N 1. By
Proposition 5.3, the morphisms U
αiÑW –W 1 ãÑ X 1, for i “ 1, 2, are connected by a 1-ghost
homotopy which satisfies the hypothesis of Lemma 2.6. Again, by Lemma 3.9 and Remark
3.10, this 1-ghost homotopy factors through W 1. Thus, α1 and α2 are also connected by a
1-ghost homotopy of U on X, satisfying the hypothesis of Lemma 2.6.
Case B: Now suppose that |S| “ 2; then S “ tsi, si`1u for some i.
In this case, W is either of the form Usi,si`1 or
rUsi,si`1 depending on the values of i.
Using Lemma 4.17, we find that W is isomorphic to Uti,ti`1 or
rUti,ti`1 , where ti “ si ´ tsiu
and ti`1 “ si`1 ´ tsiu. In either case, it is isomorphic to an open subscheme W
1 of some
X 1 P N 1. The proof of Proposition 5.3 gives us a 1-ghost homotopy H1 connecting α1 and α2
which satisfies the hypothesis of Lemma 2.6. We claim that for any point u1 of U such that
γpu1q “ c0, hH1 maps SppH
1qu1 into W
1.
If α1pu
1q “ α1puq “ ℓti X ℓti`1 , our claim follows immediately since Lemma 3.9 shows that
hH1 maps SppH
1qu1 to α1puq.
Suppose α1pu
1q lies in ℓtjpu1qz
´Ť
r‰jpu1q ℓtr
¯
for some jpu1q P ti, i ` 1u. By Lemma 3.9, hH
maps SppHqu1 into ℓtjpu1qz
´Ť
r‰jpu1q ℓtr
¯
“ ℓtjpu1q XW
1, which is isomorphic to either A1 or
A1zt0u. We will examine these cases separately.
If ℓtjpu1q XW
1 – A1, we simply use Lemma 3.9 to deduce that hH1 maps SppH
1qu1 into ℓtj
and hence into W 1. This proves our claim in this case.
Now, suppose that ℓtjpu1q XW
1 – A1zt0u, which is A1-rigid. By Then hH maps SppHqu1
to the point α1pu
1q. In particular, α1pu
1q “ α2pu
1q for every such point u1. By Remark 5.4,
hH1 maps SppH
1qu1 to a single point which is, in fact, the generic point of ℓtjpu1q . Thus, the
1-ghost homotopy H1 factors through the open subscheme W 1 of X 1. The argument to prove
Case B may now be completed as in Case A. 
6. The general case
In this section, we prove the main results (Theorem 1.5 and Theorem 1.2) using the results
proved in Sections 3, 4 and 5.
Let S be a two dimensional scheme over k, and let s P Spkq be such that S is essentially
smooth at s. Let rS Ñ S be a proper birational morphism which is an isomorphism over
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Sztsu and suppose that rS is essentially smooth at all points which map to s. Then the
morphism rS Ñ S is the blowup of S at a closed subscheme T , which is supported on s.
Moreover, if rS is essentially smooth over k, then rS Ñ S can be written as a compositionrS “ Sn Ñ Sn´1 Ñ ¨ ¨ ¨ Ñ S0 “ S, where Si`1 is obtained from Si by blowing up a smooth
point that lies in the preimage of s with respect to the morphism Si Ñ S; such a smooth
point is said to be infinitely near to s. The integer n does not depend on the way in which the
morphism rS Ñ S is written as a composition of such blowups. Indeed, it is just the number
of components of the preimage of s with respect to rS Ñ S.
Lemma 6.1. Let S be a two-dimensional scheme over k and let s be a k-valued point of S
such that S is essentially smooth at s. Let rS be obtained by blowing up n points infinitely near
to s. Let φ : T Ñ S be an e´tale morphism and let rT “ rS ˆS,φ T . Let φ´1psq “ tt1, . . . , tmu.
Then rT is obtained from T by blowing up n points infinitely near to ti for each i, 1 ď i ď m.
Proof. Clearly, the morphism rT Ñ T is an isomorphism over T zφ´1psq. Also, rT is essentially
smooth over k and thus, the morphism rT Ñ T is the composition of blowups of finitely many
points infinitely near to ti. Thus, it remains to be shown that the scheme rT ˆT,ti Speck has
n components for each i. We observe thatrT ˆT,ti Speck » prS ˆS,φ T q ˆT,ti Spec k
» rS ˆS,ti˝φ Spec k
» rS ˆS,s Speck,
which completes the proof. 
Proof of Theorem 1.5.
Part (a) is already handled in Proposition 2.13. We now give a proof of part (b). Let E
be a P1-bundle over a smooth projective curve C of genus g ą 0 over an algebraically closed
field k of characteristic 0. Let X be a smooth projective surface, which is not isomorphic to
E and has E for its minimal model. Let U “ SpecR be a smooth henselian local scheme
over k. Let m denote the maximal ideal of R and let u be the associated closed point of
U . Since C is A1-rigid, by Lemma 2.12, if two morphisms U Ñ X are n-ghost homotopic
for any n, their compositions with the map X Ñ C have to be the same. Thus, we fix a
morphism γ : U Ñ C and characterize n-ghost homotopy classes of γ-morphisms U Ñ X
in the sense of Definition 2.10. Let c0 “ γpuq. Note that all the n-ghost homotopies of γ-
morphisms U Ñ X factor through the pullback of X by the morphism SpecOhC,c0 Ñ C. The
pullback of E by the morphism SpecOhC,c0 Ñ C is just P
1 ˆ SpecOhC,c0 . We may therefore
replace C with SpecOhC,c0 . If x is a local parameter at c0, then O
h
C,c0
is isomorphic to the
Henselization of krxs at the ideal xxy. Thus, we will simply take C to be as in Notation 4.9
after which E is seen to be isomorphic to P1C . For any scheme S over C, we will denote the
fiber S ˆC,c0 Specκpc0q of S Ñ C over c0 by Sc0 .
The birational morphism X Ñ P1C can be viewed as the blowup of P
1
C at the ideal sheaf J ,
the support of which, denoted by SupppJ q, is a closed subscheme of codimension 2. For any
point Q P SupppJ q, let NQ denote the number of components of the fiber of X Ñ P
1
C . We
know that the morphism X Ñ P1C can be written as a composition of a sequence of blowups
at smooth closed points. The number NQ can also be interpreted as the number of points
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infinitely near to Q which have been blown up in this manner. We will prove the result by
induction on
NX :“ max
QPSupppJ q
NQ.
The case NX “ 1 is clearly handled by the results of Section 5.
As we observed in Remark 2.15, we are reduced to considering the case in which γ maps
the closed point u of U to the closed point c0 of C and the generic point of U to the generic
point of C. We write r0 “ γ
˚pxq P R for the pullback of the uniformizing parameter x on the
coordinate ring of C.
We use the notation from the proof of Theorem 5.1, which we quickly recall for the sake
of convenience. Any γ-morphism α : U Ñ P1C , along with the identity map U Ñ U induces a
morphism β : U Ñ P1U “ UˆP
1 :“ Uˆγ,CP
1
C . If the γ-morphism α maps the closed point u of
U to any point of the form pc0, rp : 1sq for p P κpc0q, then the corresponding section β : U Ñ P
1
U
maps u to the point pc0, rp : 1sq where p is now seen as an element of the field R{m. Hence it
factors through the open subscheme A1U “ SpecRrys “ SpecRrY {Zs Ă P
1
U . Thus, any such
β is characterized by an R-algebra homomorphism β˚ : Rrys Ñ R. Clearly, β˚pyq “ α˚pyq.
Moreover, α maps u to pc0, r0 : 1sq if and only if α
˚pyq lies in the maximal ideal m of R.
For any r P R, let βr : U Ñ P
1
U be the morphism induced by the R-algebra homomorphism
Rrys Ñ R, y ÞÑ r. Note that any section β : U Ñ P1U such that βpuq “ pu, rp : 1sq for some
p P R{m is of the form βr for some unique r P R.
We now rephrase our problem as follows: With C, X, U and γ : U Ñ C as above,
let α,α1 : U Ñ P1C be two γ-morphisms. Suppose that α,α
1 are connected by an n-ghost
homotopy H which lifts to X (which implies that α and α1 also admit lifts to X). We would
like to prove that α and α1 are connected by a 1-ghost homotopy which satisfies the hypothesis
of Lemma 2.6 and also lifts to X. In view of Proposition 3.7, we have the following two cases.
Case I: α and α1 map u into P1CzSupppJ q.
If SupppJ q is a singleton, then it is easy to see that α and α1 are A1-chain homotopic. Now
suppose that SupppJ q consists of at least two closed points. Without any loss of generality,
we may assume that two of these points are pc0, r0 : 1sq and pc0, r1 : 0sq. Thus, as we saw
above, there exist r, r1 P R such that βr, βr1 : U Ñ P
1
U are the pullbacks α, α
1 respectively,
where r, r1 P R. Let rH be the pullback of H to P1U . Since H lifts to X, rH lifts to Xγ . Thus, by
Proposition 3.7, rH factors through the complement of the preimage of SupppJ q with respect
to the morphism P1U Ñ P
1
C . Thus H factors through the complement of SupppJ q. Hence, the
restriction of hH to h
´1
H
pP1ˆtc0uqred factors through
`
P1ztr0 : 1s, r1 : 0su
˘
ˆtc0u which is A
1-
rigid. Thus, the restriction of hH : SppHq Ñ P
1
C to h
´1
H
pP1 ˆ tc0uqred is constant. Therefore,
for every prime ideal p of R containing r0 “ γ
˚pxq, we have r ´ r1 P p. Hence, it follows that
r´r1 P
a
xr0y. Now consider the homotopy A
1
U “ Spec pRrT sq Ñ Spec pRrY {Zsq “ A
1
U Ă P
1
U ,
defined by the ring homomorphism RrY {Zs Ñ RrT s, Y {Z ÞÑ rp1´ T q ` r1T , which connects
βr, βr1 : U Ñ P
1
U ,for i “ 1, 2. Since r ´ r
1 P
a
xr0y, one easily sees that this homotopy avoids
SupppJ q and consequently, lifts to X. This proves the result in Case I (observe that this
argument proves the result for all values of NX).
Case II: α,α1 map u to the same point P P SupppJ q.
We use Lemma 4.14 to obtain X 1 P N such that the morphism X Ñ P1C factors as
X
φ
Ñ X 1
ψ
Ñ P1C ,
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where φ and ψ are compositions of successive blowups at smooth closed points and φ : X Ñ X 1
is the blowup of an ideal sheaf J 1, the support of which does not contain any node of X 1.
Let us denote the lifts of α, α1 and H to X 1 by rα, rα1 and rH respectively. It will suffice to
show that rα and rα1 are connected by a 1-ghost homotopy H1 of U on X 1 which satisfies the
hypothesis of Lemma 2.6 and also lifts to X.
Case II-A: rαpuq lies in the intersection of two distinct lines of X 1.
For 1 ď i ď p, let Pi be the point of intersection of ℓi´1 and ℓi. Suppose that rαpuq “ Pi0 .
The proof of Theorem 5.1 shows that rα and rα1 are connected by a 1-ghost homotopy H1 which
satisfies the hypothesis of Lemma 2.6. We would like to choose H1 in such a way that for
any u1 P U for which γpu1q “ c0, the morphism hH1 maps SppH
1qu1 into the complement of
SupppJ 1q. This will be true for any u1 such that rαpu1q “ Pi0 (in particular, this includes the
case u1 “ u) since Lemma 3.9 implies that, in this case, Spp rHqu1 is mapped to Pi0 , which is
not in SupppJ 1q. The rest of the argument is along the same lines as the argument in Case
B in the proof of Proposition 5.5.
Suppose u1 P U is such that γpu1q “ c0, but rαpu1q ‰ Pi0 . Since γpu1q “ c0, rαpu1q lies in
the closed fiber X 1c0 “
Ťp
i“0 ℓsi . Since rαpuq is in the closure of rαpu1q, it follows that rαpu1q lies
in ℓsi0´1 Y ℓsi0 . As rαpu1q ‰ Pi0 , rαpu1q lies in ℓsi0´1zℓsi0 or ℓsi0 zℓsi0´1 . Let jpu1q P ti0 ´ 1, i0u
be such that rαpu1q P ℓsjpu1q . Since rαpuq “ Pi0 lies in the closure of rαpu1q but is not equal torαpu1q, it follows that rαpu1q is equal to the generic point of ℓsjpu1q . Since rαpu1q lies only on the
component ℓsjpu1q of X
1
c0
, it follows by Lemma 3.9 that for any 1-ghost homotopy H1 of U on
X 1 connecting rα and rα1, SppH1qu1 is mapped into the open subscheme X 1z´Ťi‰jpu1q ℓsi¯ of
X 1. Thus, hH1 maps SppH
1qu1 into ℓsjpu1qz
´Ť
i‰jpu1q ℓsi
¯
.
If SupppJ 1q X ℓjpu1q “ H, it is obvious that for 1-ghost homotopy H
1 as above, hH1 maps
SppH1qu1 into the complement of SupppJ
1q. If jpu1q P t0, pu, then using Remark 5.4, we
see that H1 lifts to X. If jpu1q R t0, pu, then ℓjpu1q meets two components of Yc0 and so
ℓjpu1qz
´Ť
i‰jpu1q ℓi
¯
is isomorphic to A1zt0u, which is A1-rigid. Thus, Spp rHqu1 is mapped to
the generic point of ℓsjpu1q . In particular, it factors through the complement of SupppJ
1q.
This proves the result in Case II-A.
Case II-B: rαpuq lies on a single line of X 1.
Let r, r1 P R be such that βr, βr1 : U Ñ P
1
U are the pullbacks along γ of α,α
1 respectively.
Suppose rαpuq lies only on the line ℓs of X 1, where s P ts0, . . . , spu. Then the homotopy rH
factors through X 1z
`Ť
si‰s
ℓsi
˘
.
There exists a unique rational number s and a line labelled ℓs in X
1 such that rP lies on
ℓs. Let a, b be coprime positive integers such that s “ a{b is the reduced expression. By
Proposition 5.5, we may assume that s “ a{b ă 1. Then xa{yb is a parameter on the line
ℓs. It follows that r, r
1 are unit multiples of each other in R and that ra0{r
b P Rˆ. Since R is
henselian local over k and k is algebraically closed, ra0{r
b has a b-th root in R. Consequently,
ra0 has a b-th root in R and since a and b are coprime, we conclude that r0 admits a b-th
root in R. Fix r0 P R such that rb0 “ r0. Let φb : C Ñ C be the morphism corresponding
to the k-homomorphism krxshxxy Ñ krxs
h
xxy defined by x ÞÑ x
b. By Theorem 4.18, we have a
b-sheeted e´tale cover (see Definition 4.15 for the definition of the open subscheme Us of X
1)rX 1 “ pUs ˆC,φb Cqrxa{ys Ñ pUs ˆC,φb Cq Ñ Us
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and an isomorphism Ua
„
ÝÑ rX 1 of C-schemes. By Proposition 3.7, we see that H factors
through the open subscheme Us of X
1. Using the fixed b-th root r0 of r0, we see that the
sections α,α1 and the n-ghost homotopy H lift to Us ˆC,φb C. We claim that H lifts to
rX 1.rX 1

Us ˆC,φb C

SppHq
hH
//
88rrrrrrrrrr
fH

Us

U
α,α1
// X 1
Now, the rational function xa{yb defines a morphism X 1 Ñ P1C (Lemma 4.13) and its pullback
xab{yb “ pxa{yqb to Us ˆC,φb C defines a morphism SppHq Ñ P
1
C . Since SppHq is normal,
the pullback of the rational function xa{y to SppHq is regular at every point of SppHq. By
Proposition 4.2, hH lifts to rX 1 “ pUs ˆC,φb Cqrxa{ys » Ua » U0, where the last isomorphism
is given by Lemma 4.17. Set rX :“ rX 1 ˆ1X X, where the morphism rX 1 Ñ X 1 is given by the
composition rX 1 Ñ Us ãÑ X 1, which is e´tale. Now, the lifts of α and α1 to X are n-ghost
homotopic if and only if their lifts in rX are n-ghost homotopic. Since m1 ă m, it can be seen
from Lemma 6.1 that there exists a smooth, projective ruled surface X2 such that
‚ X2 is obtained by successive blowups of P1C at finitely many smooth, closed points;
‚ rX 1 is an open subscheme of X2;
‚ α,α1 lift to X2 and their lifts in X2 are n-ghost homotopic if and only if the lifts of
α,α1 in rX 1 are n-ghost homotopic; and
‚ NX2 ă NX .
By the induction hypothesis, we conclude that the lifts of α and α1 to X2 are 1-ghost
homotopic and map to the same element in πA
1
0 pX
2qpUq. Moreover, the same holds for the
lifts of α and α1 to rX 1 and to X. This completes the proof of Theorem 1.5. 
Proof of Theorem 1.2.
Let X be a smooth, projective birationally ruled surface over an algebraically closed field
k. By [10, Chapter III, Theorem 2.3], X can be obtained by successively blowing up a finite
number of smooth, closed points on P2 or a P1-bundle over a curve C. If X is rational, then
by [2, Corollary 2.3.7], X is A1-connected. Hence, πA
1
0 pXq is evidently A
1-invariant, being
the trivial one-point sheaf. If X is not rational, then X has to be birationally ruled over a
curve C of genus ą 0, in which case the result is proved in Theorem 1.5 above. 
Remark 6.2. It has been shown in [5, Theorem 1] that for a smooth projective surface X
birationally ruled over a curve C of genus ą 0 over an algebraically closed field k, one has
πA
1
0 pXqpUq » S
npXqpUq,
for all n ě 1 and for all U P Sm{k of dimension ď 1. However, if X is not a minimal model,
then [5, Theorem 2] shows that SpXq ; C and that SpXq ‰ S2pXq. This shows, in particular,
that the Morel-Voevodsky singular construction SingA
1
˚ X is not A
1-local for such X.
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Remark 6.3. Given a smooth, projective variety X over a field k, it is an interesting question
to determine if there exists a natural number nX (possibly depending only on the dimension
of X), where nX is the least with the property that
SnX pXq » SnpXq » πA
1
0 pXq,
for all n ě nX . If X is a smooth projective surface over an algebraically closed field of
characteristic 0, then Theorem 1.5 shows that nX ď 2. It seems reasonable to conjecture that
nX ď dimX, for a general smooth projective variety X over an algebraically closed field k.
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